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The objective of this work is to determine an effective yield criteria for porous
pressure sensitive solids and investigate the anisotropic yield behavior by employing
a virtual testing strategy. The work is concerned with the pressure sensitivity
typically displayed by geometarials, such as sandstone and composite materials
consisting of a series of parallel layers, such as sedimentary rock and underground
salt.
Virtual testing strategy is based on computational homogenization approach for the
definition of the elasto-plastic transition. Representative volume elements (RVEs)
containing single-centered and distributed ellipsoidal voids are analyzed using three-
dimensional finite element models under both small and finite strains. Yield curves
are obtained following a unified variational formulation, which provides bounds on
the effective material properties for a given choice of the Representative Volume
Element (RVE).
In order to estimate the effective properties of porous solid, the constitutive behavior
of the continuum matrix is assumed to follow the standard Drucker-Prager elasto-
plastic model. The computationally generated effective yield criteria are compared
against the recently proposed analytical estimates for Drucker-Prager type solids and
the SR4 constitutive model for soft rocks. The developed computational approach
is applied to estimate the effective properties of a realistic rock sample. To illustrate
a wide range of potential engineering applications, the computationally effective
yield surface are also obtained under the explicit finite element method.
Finally, based on the simulated yield stress point of composite materials, the pa-
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Nowadays many materials have heterogeneous structures and they, are composed
of an underlying structure that can be observed at some scale. However, they might
have different constitutive behavior which can be ignored due to the size scale of
the heterogeneity being insignificant. Materials such as composites, woods, poly-
crystals, bone or teeth consist of two or more distinct constituents that can have
significantly different chemical or physical material properties. The physics and
the mechanics of the micro-mechanical properties have a significant impact on
the behavior of the macroscopic material. For instance, the overall response of
the macroscopic continuum depends strongly on the size, shape, spatial distribu-
tion and properties of the microstructural constituents and the interaction between
them. The macroscopic response of the heterogeneous material based on both
the geometry and properties is predicted by volume averaging of the microstruc-
ture behavior. This is known as homogenization. Multi-scale modeling is used to
predict the behavior of multi-axial properties, such as unidirectional composites.
Such behavior is difficult to model experimentally. According to a great number of
experimental investigations, the heterogeneous material have complex mechanical
behaviors (such as fiber and volume fractions, micro-crack-related damage, plastic
deformation and fiber arrangements) which makes them expensive to determine
experimentally. Therefore, using micro-scale model allows virtual testing perfor-
mance to simulate these models, once all the constituents properties are known.
This advantage of micromechanics reduces the cost of an experimental work dra-
matically. There are several methods to evaluate the constituents properties of the
1
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heterogeneous materials, by using experimental campaign which can be expensive
and difficult, by using back engineering the properties through a reduced experi-
mental work. In order to validate the results from the latter option, the comparison
between the experimental data is necessary due to the uncertainties on the real mi-
crostructure. In micromechanics due to their mechanical complexity, localization
is crucial, as it is evaluating the local stress and strain fields in the phases for a given
macroscopic strain. The constituents in heterogeneous materials are statistically
distributed. Therefore, the micromechanics methods are based on the repesentetive
volume element (RVE) with sufficient size to cover all geometrical information and




Figure 1.1: Multi scale.
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Over the past decade, the use of analytical, numerical and experimental tools for
the prediction of the heterogeneous materials properties has been the subject of
increasing interest in academia, as indicated by the volume of literature.
Analytical approaches All analytical techniques rely on different assumptions
which are approximation of the realistic physical conditions at the micro-scale.
The Analytical determination of the properties of composite materials begins with
names, J. C. Maxwell [1] and Lord Rayleigh [2] estimating the effective conduc-
tivity of composites with certain distributions of spherical particles embedded in
a matrix see Figure 1.2. The effective medium approximation is another approach
that estimates the overall behavior of heterogeneous materials. This method has
been proposed by a number of authors, e.g. [3–5]. The estimation of the material
properties are derived from the analytical form of a boundary value problem for
a spherical or ellipsoidal inclusion of one material bounded in an infinite matrix.
The self-consistent method leans to the previous method. This is another approach
of homogenization scheme which first was proposed by [6], this theory, consider
the polycrystalline structure as ellipsoidal inclusion placed in homogeneous matrix.
This method extended to the elastoplastic, viscoplastic and allow each grain has
different deformation behavior. However, these types of models do not fulfill the
































Figure 1.2: RVEs for analytical approaches.
The approach to estimate the overall properties of heterogeneous materials is the
asymptotic homogenization theory [7]. This method is suitable for separation of
scales due to the microstructure existence and is approximated by the term natural
length parameter, which relates the macro coordinates to micro coordinates by the
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size ratio (see [8–11] for more details). However, this method is limited to the
problems with simple microscopic geometries, material models and is performed
in small strains.
The estimation of porous ductile materials properties has been extensively encoun-
tered in various engineering applications. The prediction of the failure behavior of
different materials which depends on the coupling between void nucleation, growth
and plastic deformation. The most common approach for the modeling of such
a mechanical behavior is continuum micromechanical frameworks, which derived
the geometry of porous media at the microstructural level. A now well-established
approach is based on homogenizationmethods, focused on taking into account more
general considerations, such as void shape effects [12; 13] or plastic anisotropy [14].
Most general plastic models, such as ceramic, rocks and ice behave in anisotropic
manner due to their complex texture. But, the anisotropy that is caused by plastic
strain during forming operations is small and can be neglected for most applications
[15]. Phenomenological models can predict the anisotropic stress–strain response
in metals with complex texture under large plastic strains [16]. However, it is com-
putationally expensive to simulate such constitutive equations for the large scale
engineering applications. Therefore, analytical yield functions of Phenomenologi-
cal models based on a macroscopic criterion derived for a class of porous materials
containing spherical or cylindrical voids.
A prototype anisotropic yield function was proposed by von-Mises [17]. Based on
this work, a number of extensions yield functions have been established to describe
the behavior of different material models and satisfy numerical predictions or to
generate data close to the existing experimental results. For instance, the quadratic
anisotropic yield function proposed by [18], this method showed the best fit for body
centered cubic (bcc) materials and steels [19]. However, due to the different classes
of materials, further improved formulations introduced by [20–26] to cover more
complicated material behavior. In order to produce the advanced yield functions to
predict the mechanical behavior of various material classes, more parameters are
required tomake themodelmore flexible and accurate. Also, experimental results to
validate these parameters are more time consuming, expensive and difficult to carry
out. Micromechanical models play an important role in evaluating yield surface
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models; such approaches first proposed by [27] based on iso-stress approach and
[28] developed a model based on iso-strain. Later, the Taylor method modified by
[29] which is known as the Taylor-Bishop-Hill (TBH) method. This model has
been used by many researchers [20; 23; 30] to approve yield functions and generate
the analytical expressions for yield and flow surfaces of anisotropic polycrystalline
materials [31–34].
Computational strategy Several numerical results provide detailed informa-
tion on the geometries and constitutive nonlinearities of the representative micro-
structure. Computational strategy of micro-structures based on discretization in
terms of finite element method or fast and Fourier transforms have been proposed
by [35–39] . The advantages of these methods for the simulation of RVEs include:
• considering both, stress equilibrium and strain compatibility at grain bound-
aries;
• description of a grain structure as long as the mesh is fine enough;
• taking into account both, the local grain interactions and intra-grain inhomo-
geneities associated with plastic deformation.
Also several methods have been proposed by [40–42] to improve the efficiency.
The basic ideas of computational homogenization theory have been provided in
[9; 36; 43; 44], followed by more generalized form of this method in more recent
works [37; 45–50]. These methods provide the stress and strain relationship at each
point of the macro-continuum based on the behavior of a locally attached micro-
level attribution which corresponds to the point in the macro-continuum to which
it is attached.
The advantages of these methods are described in the following items:
• It is not necessary to apply constitutive model at macroscopic scale.
• They can be applied to any material models.
• They describe the macroscopic behavior through the microscopic-level.
• The volume averaging technique is independent from the finite element
method [44; 47; 50] or any type of phenomenological plasticity [45; 46].
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• The finite deformations can be applied to both micro and macro levels.
Multi-level simulations include simulations at both scales micro and macro, which
can be performed concurrently (running simulations in parallel in microscopic and
macroscopic) multi-scale analysis is not feasible for most practical applications.
Therefor widely used approaches are to employ homogenization as a support to
design constitutive models that can be used in macroscopic scale such a strategy
is now a days commonly known as virtual laboratories. This method is using the
analysis of a microscopic representative volume element (RVE) to evaluate the
parameter of macroscopic strength criterion.
1.1 Aim of the Thesis
The aim of this work is to determine effective yield criteria for porous pressure
sensitive solids and composite materials by employing a virtual testing strategy.
One of the focus is on the pressure sensitivity typically displayed by geometarials,
such as sandstone. Another focus is on the anisotropic behavior that arises from
composite materials consisting of a series of parallel layers, such as rock-salt.
Virtual testing strategy is based on a kinematical variational basis of the family of
homogenization based on small and large strain multi-scale constitutive theories.
The formulation follows a unified variational formulation, which provides bounds
on the effective material properties for a given choice of the Representative Volume
Element (RVE).
To obtain the effective properties of pressure sensitive porous solid, the constitutive
behavior of continuum matrix is assumed to follow the standard Drucker-Prager
elasto-plastic model. The computationally generated effective yield criteria for
porous solids are obtained for various RVE choices under different boundary condi-
tions and compared against the recently proposed analytical estimates for Drucker-
Prager type solids and the SR4 constitutive model for soft rocks. The developed
computational approach is applied to estimate the effective properties of a realistic
rock sample, thus illustrating a wide range of potential applications, which incurs a
dramatic decrease in overall computational costs.
Another aspect is to investigate the anisotropic yield behavior of composite material
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based on determining the response of RVEmodel under various loading conditions.
The constitutive behavior of continuum matrix is following the von-Mises elasto-
plastic model. The numerical generated effective yield surfaces for composite
layered are obtained for a RVE with different boundary conditions such as, uniform
tractions and periodic displacements. The predicted computational yield criteria
are used to identify the parameters of the proposed analytical yield functions by
Hill [18] and Hoffman [51].
1.2 Layout of the Thesis
Chapter 2: covers the basic aspects of continuum mechanics: kinematics of finite
deformation, the deformation gradient tensor in addition to somemeasures of strain.
This is followed by a description of the equation of motion in addition to the concept
of stress from which the principle of virtual work is introduced. This also involves
an alternative definition of several stress tensors. The boundary value problem is
introduced in this chapter.
Chapter 3: provides the concept of general finite strain elasto-plasticity, followed
by the derivation of general return mapping algorithm. To illustrate such concepts
the derivation of the pressure sensitive Drucker-Prager model is discussed in detail,
providing the general spatial tangent modulus, which is the crucial part of the im-
plicit finite element method. Finally, introducing the SR4 model by [52] which is
implemented in the explicit finite element method.
Chapter 4: introducing the summary of the implicit and explicit Finite Element
method (FE) to non-linear solid mechanics. The implicit FE numerical solution
will be used to solve the RVE problems later in this work. The FE approximation
(discretization) of the non-linear boundary value problem (BVP) which is solved
by Newton-Raphson (N-R) iterative algorithm is provided. Next, we introduce the
explicit solver followed by the stress integration. Finally, the element methodology
that is used in this work is introduced.
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Chapter 5: describes well known classes of multi-scale theories for large strain in
solid mechanics. By describing the equilibrium equations of the macro-continuum
and the micro-structure at the reference configuration within the variational frame-
work above, then introducing the coupling of scales (homogenization). This devel-
ops the homogenization of the strain (deformation gradient in large strain) and the
stress, an essential aspect in the formulation of the multi-scale theory which is the
Hill-Mandel Principle of Macro-homogeneity and the additive split of the micro-
scopic displacement. A family of the kinematical constraints that can be imposed on
the RVE will then be introduced next. Finally, presenting the numerical examples
to illustrate the scope and benefits of the multi-scale computational strategy, such
as the effect of boundary conditions, topology and distribution of heterogeneities.
Chapter 6: provides a brief summary of constitutive models considered in this
work. Main steps of the virtual testing strategy are given and providing numer-
ical examples and includes comparative analysis against the results available in
literature. Finally the main conclusions and recommendations for future work are
discussed.
Chapter 7: presents the computational yield surfaces of the composite layered
in deviatoric-pressure stress diagram in 3-D model and principal stresses diagram
under plane stress assumption. The effective yield surfaces are obtained under both
periodic and uniform traction boundary conditions. The details of the set-up of
the virtual laboratory are also introduced with some numerical examples. Finally,
based on the predicted yield stress point of composite materials under plane stress
assumption, the parameters for proposed analytical models by Hill [18] and Hoff-
man [51] are acquired with ellipse fit by Taubin’s method [53].
Chapter 8: provides achievements from the presented work and suggestions for
future work
Chapter 2
Elements of Continuum Mechanics
A continuum is a body made of an infinite number of particles with properties being
those of the bulk material. The continuum mechanics is used to describe the me-
chanical behavior of such bodies. To consider these bodies as a continuous medium
is essentially an approximation due to heterogeneities of all matter. And, this ap-
proximation depends on the order of the discontinuities with respect to the body
under consideration. For example, the assumption is not accurate on the molecular
level, as they are separated by empty space. However, in this study, heterogeneous
materials are treated in a continuum manner, by describing the behavior of micro-
constituents composing of the heterogeneous body on the continuum theory.
This chapter is concerned with the basic concepts of continuum mechanics. Start-
ing with describing the kinematics of finite deformation, which is study of motion
without reference to the cause. The concept is providing the deformation gradient
tensor in addition to some measures of strain. This is then followed by a descrip-
tion of the equation of motion in addition to the concept of stress from which the
principle of virtual work is introduced. This also involves an alternative definition
of several stress tensors. Also, the boundary value problem is introduced in this
chapter, providing the concept of the finite element approximation later in this work.
The material introduced in the chapter is available in more details in a number of
references. For the current work, it is referred to the book by [54] and [55].
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2.1 Kinematics









Figure 2.1: Generic motion of a deformable body from its reference configuration
Ω to a current (deformed) configuration.
coordinates of the initial configuration be denoted by X at C = C0 and the current
configuration described by x at C = C1. A material particle at positionX is moved
to a deformed position x located on the current body l by a displacement vector
u(X , C) written with respect to the initial (undeformed) configuration. This motion
can be described mathematically by the mapping i between initial and the current
particle positions as,
x = i(X , C) = X + u(X , C) . (2.1)
2.1.1 Deformation Gradient
The deformation gradient F is the relation between infinitesimal vectors between
two points in the reference to the corresponding vector in the deformed configura-





m(X + u(X , C))
mX
, (2.2)
or can be written in the form,
F = I + ∇u , (2.3)
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where, I is the second-order identity tensor and ∇u is the gradient operator with




It is important to mention that small strain is an approximation of the non-linear
terms for infinitesimal displacements and rotations. Therefore, there is only one
configuration to work on. However, in non-linear behavior, is essential to make
a distinction between bodies, expressed with respect to its reference and current
configurations. The first is known as a material (Lagrangian) description whereas
the latter refers to a spatial (Eulerian) description. Tensors are defined similarly
into material (Lagrangian) and spatial (Eulerian) tensors implying the description
they refer to.
2.1.2 Polar Decomposition
Polar decomposition of the deformation gradient is decomposing the total deforma-
tion F into the rotation and the stretch tensors. The mathematical description of
the polar decomposition in both material and spatial configuration, are as
F = RU = RV , (2.5)
where R is the orthogonal rotation tensor, i.e. RR) = I . While U and V are
symmetric stretch tensors, i.e. U = U) , known as material (right) and spatial (left)
stretch tensors respectively. The right and left stretch tensors can be related by
rotation tensor. The great details of the polar decomposition concept is provided in
[54].
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2.1.3 Volume Change and Isochoric / Volumetric Split
The volume of the element is expressed as,
dE = dx1 · (dx2 × dx3)
= F dX1 · (F dX2 × F dX3)
= det[F ] d+
= d+ ,
(2.6)
where, dx1, dx2 and dx3 are side of a volume element in the deformed configuration
and  is the Jacobian.
Any deformation can be split into an isochoric or distortional and purely volumetric
component. Therefore, the multiplicative split of the deformation gradient can be
expressed as,




3 F ; Fvol = 
1
3I ,
The aim of splitting the components into the isochoric and volumetric is, to remove
the contribution of the distortional component of the deformation to any volume
changes. Mostly in case of compressible and nearly incompressible materials. The
mathematical expression of distortional contribution is as,
det[Fiso] = (
−1
3 )3det[F ] = −1 = 1 .
2.1.4 Velocity and Velocity Gradient
According to the velocity definition and the equation (2.1), the velocity of a particle





And, the velocity gradient, l is the derivation of the expression above with respect




= ∇v = ¤FF −1 . (2.9)
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where, ¤F , is the time derivative of the deformation gradient.
2.1.5 Strain
With deformation gradient tensor, several strain tensors can be introduced. Strain
tensors are computed in both material or spatial configurations. Some of the strain
tensors in each category will be described in the following. Starting by taking the
scalar product of dx · dx
dx · dx = F dX · F dX = dX · F )F dX = dX ·CdX , (2.10)
whereC = F )F is the right Cauchy-Green tensor which is in initial configuration.
The scalar product of the initial configuration in the similar manner gives the left
Cauchy-Green strain tensor b = FF ) as,
dX · dX = dx · b−1dx , (2.11)
The change in the scalar product is the Lagrangian or Green strain tensor and




(C − I) . (2.12)
Alternatively, the scalar product can be expressed as strain in the current configu-




(I − b−1) . (2.13)
Note that, the vectors and tensors between material and spatial configurations can
be related by the concepts of push forward and pull back. Therefore, E and e can
be related as,
e = F −)EF −1 .
E = F )eF .
(2.14)
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By writing the right Cauchy-Green tensor, C according to the equation (2.3), the








(εε − εw +wε +ww) .
(2.15)
If | |ε| | and | |w | |  1, then ε is and approximation ofE and known as the infinites-
imal strain tensor andw is infinitesimal rotation tensor. The approximation can be
true if the both deformation and rotation are infinitesimal.
2.2 Stress and Equilibrium
In solid mechanics, the aim is to determine the reaction of a body under different
loadings, these reactions are the consequence of the equilibrium equations describ-
ing the equation of motion which is known as the strong form of the problem. In
order to start the finite element analysis, the integral form of the strong form (the
weak form) is required, this is also known as the principle of virtual work (PVW).
Stress is force per unit area simply. However, in finite strain analysis, there are two
configurations, as the change in area is noticeable. Therefore, change in kinematic
quantities can not be ignored. The stress can be defined in either initial or deformed
configuration.
In this section, the equation of the motions will be introduced. Then the spatial vir-
tual work equation will be provided. This also involves the definition of alternative
stressmeasures, such as, the Kirchoff, first Piola-Kirchoff and second Piola-Kirchoff
stress tensor.
2.2.1 Equations of Motion
Consider a body with region Ω and a boundary, mΩ. The body is subjected to body
forces acting on Ω and boundary forces which act on mΩ will be on motion. The
linear and angular momentum balance equations that express the motion on a body
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are: ∫
Ω








d x × b dE +
∫
mΩ
x × t (=) d0 =
∫
Ω
d x × ¥x dE .
(2.16)
where, t (=) is surface traction.
2.2.2 Stress
Consider an infinitesimal area Δ 0 of a particle position x as shown in Figure 2.2 at
its current configuration l. The corresponding traction force of the resultant force
acting on this area, is in the form





where,n andΔf3 are the outward normal and the resulatnt force toΔ 0 respectively.
The traction force is following the Newton’s third law, as,
t3 (−n) = −t3 (n) . (2.18)
The Cauchy stress tensor σ relates this traction force to the normal vector as,
t3 (n) ≡ σn . (2.19)
By taking the Gauss theorem of the integral form of (2.19) and, substituting it back
to (2.16), defining f as the body force and zero acceleration, the global equilibrium





div [σ] dE =
∫
l
(div [σ] + f ) dE = 0 , (2.20)
The above equation can be applied to any region of integration. Hence, it can be
written as,
div [σ] + f = 0 . (2.21)






Figure 2.2: Deformed configuration of a generic deformable body illustrating the
resultant force on an infinitesimal area.
2.2.3 Virtual Work
The weak form of the equilibrium equation (2.21) is the start point of the Finite
Element (FE) formulation, essential for the solution of the engineering problems
and is employed in the present work. This explains the use of the Principle of
Virtual Work (PVW). The virtual work, X, is obtained by applying an arbitrary





σ : ∇η dE︸          ︷︷          ︸
X,8=C
−
X,4GC︷                            ︸︸                            ︷∫
ml
t · η d0 −
∫
l
f · η dE = 0 . (2.22)
2.2.4 Stress Definitions
In view of equation (2.22), the terms σ and ∇η are called internal virtual work in
the current deformed volume. This can be used to constructed alternative stresses
definitions in the following:
Kirchoff Stress Tensor
By using equation (2.6), the current volume can be written as, dE = d+ . Therefore




σ : ∇η d+ . (2.23)
The term τ = σ is theKirchoff stress tensorwith respect to the initial configuration.
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First Piola-Kirchoff Stress Tensor
The first Piola-Kirchhoff stress tensor, similar to F , is a two-point tensor that can
be related to the Cauchy stress via the following relation,
P = σF −) . (2.24)
It is also useful to express the weak form of the equilibrium equation in terms of




P : ∇η d+︸            ︷︷            ︸
X,8=C
−
X,4GC︷                             ︸︸                             ︷∫
mΩ
t · η d −
∫
Ω
f · η d+ = 0 . (2.25)
Second Piola-Kirchoff Stress Tensor
As the first Piola-Kirchhoff is a two-point tensor and not completely defined in
terms of quantities in the initial configuration, the second Piola-Kirchhoff stress
tensor, a material stress tensor, is defined. This tensor is expressed in terms of the
Cauchy stress and the first Piola-Kirchhoff stress as
S = F −1σF −) = F −1P . (2.26)
2.3 Boundary Value Problem
To solve the equilibrium equations (2.22) and (2.25), the Boundary Value Problem
(BVP) is required to be set. Given the body force and surface traction fields on the
body, find a kinematically admissible deformation i ∈ K such∫
l
σ̂ : ∇η dE −
∫
ml
t · η d0 −
∫
l
f · η dE = 0 ∀η ∈ V , (2.27)
where, σ̂ is constitutive functional and is used for elastic/plastic bodies where
the stress is the function of strain, σ̂(F ) or σ̂(ε) and, K and V are the space
of kinematically admissible displacements and the space of virtual kinematically
admissible displacements of the body respectively.
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2.3.1 Incremental Boundary Value Problem
First we need to introduce the incremental constitutive law briefly. In general,
pseudo-time discretization is adopted to integrate constitutive equations, consider-
ing the time increment [C= , C=+1] and given the set of internal variables at initial
time, the strain at time C=+1, determine the stress at time C=+1 through the integration
algorithm in question as,
σ=+1 = σ̂(F =+1,α=) or σ=+1 = σ̂(ε=+1,α=) (2.28)
where, α is a set of internal variables. The constitutive models that are used in this
work is explained in more details in Chapter 3.
So that the incremental form of the boundary value problem can be stated as follows:∫
l
σ=+1 : ∇η dE −
∫
ml
t=+1 · η d0 −
∫
l




Constitutive models are defined as the relationship between load-deformation or
stress-strain. In this work, the mechanical behavior of engineering materials show
in terms of stress-strain as, the equilibrium equations in chapter 2 is written in
terms of measure of stress. The constitutive models have been given significant
attention due to their potential application in many areas of practical engineering
interest. They hold the continuum concepts of elasticity, plasticity, viscosity and
can consider all the thermal effects.
In this chapter, the concept of general finite strain elasto-plasticitywill be introduced.
Followed by the derivation of general return mapping algorithm. To illustrate such
concepts, the derivation of pressure sensitive Drucker-Prager model is discussed
in details, providing the general spatial tangent modulus which is the crucial part
of the implicit finite element method. Finally, introducing the SR4 model by [52]
which is implemented in the explicit finite element method.
The more details of this chapter can be found in [54; 56–58], .
3.1 Large Strain Elasto-Plasticity Model
In this section, the general form of the finite strain plasticity is introduced in detail.
The theory described here forms the basis of the isotropic large strain plasticity
framework and the finite element implementation (incorporated in program HY-
19
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PLAS) is addressed in the following section. Some of the crucial features of the
model is selected in the following.
3.1.1 Multiplicative Elasto-Plasticity Kinematics
The multiplicative decomposition of the deformation gradient, F has been an in-
tense subject in constitutive assumption since its introduction by [59] and [60]. It
decomposes the deformation gradient as the product of elastic F 4 and plastic F ?
deformation gradient.
F = F 4F ? . (3.1)
As the concept shown in Figure 3.1, F ? maps the particle to the stress-free inter-
mediate configuration from the initial configuration and F 4 maps the particle from
intermediate to the current configuration. However in small strain, the intermediate


























































































Figure 3.1: The deformation gradient multitive decomposition.
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Elastic and Plastic Stretch and Rotation Tensors
According to the above multiplicative decomposition, the polar decomposition in
equation (2.5) in section 2.1.2 can be written as,
F 4 = R4U 4 = V 4R4 (3.2)
And similarly for the plastic part of the deformation gradient,
F ? = R?U ? = V ?R? . (3.3)
where,U is the right stretch tensor, V is the left stretch tensor andR is the rotation
tensor which are split into elastic (e) and plastic (p).
The Velocity Gradient
With introducing the multiplicative split into the equation (2.9), gives the additive
decomposition of the velocity gradient as,
l = l4 + F 4 l? (F 4)−1 . (3.4)
As mentioned in section 2.1.4, l is in the spatial configuration. Whereas, the
plastic velocity gradient, l? is in intermediate configuration. Therefore, to keep it
consistent, we pre- and post-multiplied the plastic deformation gradient by F 4 and
its inverse, this provides the above plastic contribution to l a spatial quantity.
The Plastic Stretching and Spin Tensors
The plastic stretching,D? = sym[l?] and spin tensors,W ? = skew[l?] are analo-
gous to the decomposition of the velocity gradient.
The plastic stretch tensorD? follows the similar interpretation as the stretch tensor,
D but, as the plastic strech tensor is associated with theF ? which is in intermediate
configuration and not the spatial configuration. Therefore, we rotate theD? as,
D̃? ≡ R4D?R4) (3.5)
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where, D̃? is called the spatially rotated plastic stretching. It can also be represented







ẽ8 ⊗ ẽ8 , (3.6)
where, ẽ8 = R4e8 .
3.1.2 Logarithmic Elastic Strain
In the present general model of finite strain elasto-plasticity, the logarithmic strain
will be adopted to measure elastic deformations. It is convenient to use the loga-
rithmic (or natural) strain measure to describe the elastic behavior. In addition is
suitable approximations to the plastic flow rule, results in substantial simplifications
in the stress integration algorithm. And, it allows a natural extension to the finite
strain range, of the elastic predictor/return-mapping algorithms of infinitesimal





where, b4 = F 4(F 4))
Deviatoric and Volumetric Logarithmic Strains
The split form of the elastic logarithmic strain into deviatoric/volumetric, we obtain
ε4 = ε4d + ε
4
v I , (3.8)
The volumetric logarithmic strain is as,
ε4v ≡ tr[ε4] = ln 4, 4 = detF 4 . (3.9)
3.1.3 General Finite Strain Plasticity Model
In order to define the generalized form of isotropic hyperelastic/plastic finite strain
constitutive models, the essential equations are presented in the following.
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The Free-Energy Potential
The general form of the free-energy potential in this work is from the basic en-
ergy and thermodynamic statement discussed in more details in [54] and [61], is
expressed as,
k(ε4,α) (3.10)
where,α is generic set of internal variables associated with dissipativemechanisms.





Note that, the thermal effect is ignored in this work.
The Yield Criterion
The general yield function, Φ(τ ,A), given in the spatial configuration in terms of
the Kirchhoff stress and setA of conjugate thermodynamical forces.
The set of admissible kirchhof stresses is defined as
Ē = {τ |Φ(τ ,A) ≤ 0}. (3.12)
Plastic yielding may take place if τ lies on the yield surface (boundary of the elastic
domain).
Finite Strain Plastic Flow Rule
The plastic flow potential, Ψ(τ ,A), expressed as kirchhoff stress and the thermo-
dynamical force,A as well. The rotated plastic stretching is used here as the plastic
flow is in spatial configuration. It is defined as,
D̃? = ¤W mΨ
mτ
, (3.13)
And zero plastic spin,W ? = 0.
Also the plastic deformation gradient can be evaluated from the plastic flow rule
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above and the equation (3.5) as,
l? ≡ ¤F ?(F ?)−1 = ¤WD? (3.14)
Internal Variables
A general equation for the internal variables is
¤α = ¤WH(τ ,A) = − ¤W mΨ
mA
, (3.15)
where the plastic multiplier, ¤W, is required to satisfy the standard complementarity
relation
Φ ≤ 0 , ¤W ≥ 0 , ¤WΦ = 0. (3.16)
3.1.4 The Dissipation Inequality






























: ¤b4 b4−1 + 1
d̄
A ∗ ¤α. (3.18)
By using multiplicative elastoplastic decomposition, the b4 can be expanded to,















Finally, with the introduction of definition (3.13) of the spatially rotated plastic
stretching tensor, D̃? , and by taking into account the elastic isotropy, the rate of
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change of free energy can be expressed as
¤k = mk
mε4
: (D − D̃?) + 1
d̄
A ∗ ¤α. (3.20)
3.1.5 Finite Strain to Infinitesimal Theories
The finite strain model equations above can be treated as small strain plasticity
in the present approach. Some of the important properties of this approach are,
volumetric plastic deformation and the volumetric plastic flow.
According to the volumetric logarithmic strain in equation (3.9), the volumetric
plastic strain can also be written as,
ε
?
v ≡ ln ? (3.21)










3 ] = tr[ln e
?] (3.22)
Note that, the plastic deformation is volume-preserving if and only if the above
defined volumetric plastic strain vanishes, ε?v = 0.
By taking the derivative of ε?v , we obtain,
¤ε?v = ln[detF ?] = tr[ ¤F ?(F ?)−1] (3.23)
Hence, the rate of the volumetric plastic strain can also reduce to small strain
formulation as,






In order to have isochoric plastic flow condition, the ¤ε?v = 0 as, the volumetric of
the plastic deformation gradient,  ? is constant. Therefore, it can be seen that from
the equation above, the flow vector is traceless. The details are provided thoroughly
in chapter 14 in [54].
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3.1.6 General Return Mapping Algorithm
In this section, we described the integration algorithm based on finite strain analo-
gous to the concepts above. Showing the relation between the infinitesimal plasticity
models and the finite strain that is coded in HYPLAS and RVE-PLAS codes.
Initial Value Problem
First given the initial values of plastic deformation gradient at initial time, C0 (could
also use elastic deformation gradient.) and the hardening variables with the history
of the deformation gradient. To find the following functions,





¤α(C) = ¤W(C)H(τ (C) ,A(C))
(3.25)
That satisfy,
¤W(C) ≥ 0, Φ(τ (C) ,A(C)) ≤ 0, ¤W(C)Φ(τ (C) ,A(C)) = 0 (3.26)
for each time instant C ∈ [C0, )]











By using the kinematic relations, we can relate ε4 to the elastic and plastic defor-
mation gradient.
ε4(C) = ln([F 4(C)F 4(C)) ]
1
2 )
F 4(C) = F (C)[F ?(C)]−1
(3.28)
Euler Discretization
By applying a backward Euler scheme to the equation (3.25), the incremental form
of the hardening internal variables is as,
α=+1 = α= + ΔWH=+1. (3.29)
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within generic pseudo time interval [C=, C=+1].
The difference between the large strain and small strain is in discretization of
the plastic flow equation. The backward exponential map integrators is used to


















By using basic property of the exponential map, the discretized form of the plastic

















By simple inspection, we can easily establish that the above update formula for F ?
is not volume-preserving in general; that is, given F ?= such that det[F
?




, the resulting F ?
=+1 is such that, in general, det[F
?
=+1]. This approach
would result in substantial accuracy loss in the numerical integration of elasto-
plastic constitutive equations of plastically incompressible models. By applying the
kinematic relations into the equation above and using exponential properties, we
can have the discretized form of elastic deformation gradient in the form of,
F 4=+1 = F=+1(F
4













where, F4 is incremental deformation gradient.
In order to be consistent with the infinitesimal counterpart, using the elastic de-
formation gradient as the unknown initial value. Therefore, using equation (3.32)
instead of using (3.28). And, the update plastic strain can be calculated simply from
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The Return Mapping Scheme
First is to solve the elastic trial step, by setting ΔW = 0 in equations (3.32) and
(3.29),





If the constitutive relations are at the elastic state, Φ(τ trial
=+1 ,A
trial
=+1) ≤ 0, then solving
for the elastic trial at the next time step, C=+1

















Logarithmic Strain and Infinitesimal Format of Return Mapping
For the computational use, it is better to simplify the equation (3.35)1 and rewrite
it in terms of the logarithmic elastic strain. This is showing in the following: by
using left elastic stretch tensor, V 4 = FR) instead of elastic deformation gradient









= F 4 trial=+1 R
4 )
=+1 (3.36)

















by rearranging the terms and taking the square root of both sides of equation (3.37),
we obtain
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Now, we can simply rewrite the equation above in the form of logarithmic Eulerian









Remarkably, the above expression has the same format as the elastic strain update
formula of the backward return-mapping algorithms of the infinitesimal theory.
Computational Implementation of The General Algorithm
As the elastic law is defined here in terms of the spatial elastic logarithmic strain,
in the actual computational implementation of the above elastic predictor/return-
mapping procedure we shall take ε4 as the kinematic variable to be stored in the
computer memory. Accordingly, the computational procedure follows the steps:
• By using elastic logarithmic strain, calculating the left Cauchy-Green tensor
b4= = exp[2ε4=]; (3.40)
• After having the initial left Cauchy-Green tensor, compute its elastic trial
term





) = F4b4=(F4)) ; (3.41)
• Now can relate the large strain to the small strain and, pass the elastic trial




ln b4 trial=+1 . (3.42)
In the following section, TheDrucker-Prager and SR4 pressure sensitive constitutive
models by applying the general algorithm above are described.
3.2 The Constitutive Models
In this section, the complete computational implementation of the twomodels which
are used in this work is described in detail. Namely, the models discussed here are
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• the Drucker-Prager model,
• the SR4 (soft rock) model.
3.2.1 The Drucker-Prager Model
The Drucker–Prager yield criterion is a pressure-sensitive model to determine
whether a material has failed or undergoes plastic yielding like other elasto-plastic
material model. Due to its pressure-dependency the criterion is used to deal with
the plastic deformation of materials, such as, soils, rock, concrete, polymers, foams,
and other pressure-sensitive materials.

















where, 2 = 12s : s; , s = σ − ?(σ)I , ? =
1
3 tr[σ] is the hydrostatic pressure, 2 is
the cohesion and k is dilatancy angle. Note that, the non-associative flow rule is
adopted here.
From the flow rule,
¤ε? = ¤WN (3.44)












 = Nd +Nv (3.45)
This is used for the derivation of the return mapping algorithm for the Drucker-
Prager model.
Drucker-Prager Model Integration Algorithm
In this model, there is only one singularity yield surface to consider at the apex
and the flow vector field is symmetric about the hydrostatic axis, that makes the
integration algorithm relatively simple for Drucker-Prager.
In order to solve for the ΔW, need to solve the sets of non-linear equations. The
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general return mapping updated stress tensor for linear elastic material:
σ=+1 = σtrial=+1 − ΔWD
4 : N=+1︸           ︷︷           ︸
return vector
, (3.46)
Since the definition of the flow vector N=+1 in the smooth portion of the cone
differs from that at the apex singularity, two possible explicit forms exist for the
return-mapping algorithm. These are treated separately below
• Smooth portion of the cone:
The incremental form of plastic strain in the equation (3.44) corresponding















Hence, the updated stress by using the equation above is in the form,























And, the updated stress can be written as,














The updated stress can be split to deviatoric and pressure components as,












By substituting the above equations into the discretized form of the yield
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surface, the general non-linear equation for ΔW is form of,
Φ̃ =
√








ΔW) − b2(ε̄?= + bΔW) (3.52)
where, b = 1 in this work.
After solving the above non-linear equation, the stresses will be updated
inside the algorithm.
• Apex
The consistency condition for the Apex is when the smooth return algorithm
does not converge, or converge with
√
2(strial=+1) ≤ 0. Also, the stress correc-
tion procedure is on the axis of effective mean stress ?, which relates only to
the volumetric plastic strain Δε?v . Hence the consistency equation for Apex
reduces to,






2(Ȳ?= + ΔȲ?) = 0, (3.53)
By using the volumetric plastic strain, Δε?v = ΔW
√
3
tank and the hardening law,
Δε̄? = ΔW, The term ΔȲ? in the equation above can be rewrite in terms of
incremental volumetric plastic strain. Therefore, we obtain the final return
mapping equation for the Drucker-Prager apex from equation above as,
A = ΔY?v =  ΔY
?

































Note that, for the perfectly plastic materials, 2 is constant and for linearly hardening
models, the hardening function reads 2(Ȳ? = 20 +H Ȳ?), where H denotes the
hardening modulus.
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The Overall Integration Algorithm
The corresponding code is summarized below that is implemented in the program
HYPLAS, RVEPLUS (HYPLASwith multi-scale modeling) and ParaGeo (Explicit
code) is explained in detail below.
First it is important to mention that, in this subroutine, we are passing the total trial
strain, STRAT (ε4 trial
=+1 ) to the algorithm. In case of small strain,
STRAT = RSTAVA + infinitesimal strain
where infinitesimal strain is coming from given strain/displacement multiply by the
shape function matrix and RSTAVA is the elastic engineering strain derived from
Drucker-prager algorithm.
However, in case of large strain, the given trial strain, STRAT is the elastic trial
eulerian logarithmic strain in equation (3.42). We can also work with total trial
stress in this algorithm.
The Drucker-Prager algorithm is summarized through the following Algorithms.
Recall that the purpose of the selection procedure is to ensure that the approved
return mapping in this case, either the return to the smooth wall or the apex.
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Algorithm 3.1: Implicit algorithm for Drucker-Prager model.
(i) Evaluate the elastic trial state at the initial time step;
ε4 trial=+1 := ε
4









=+1 :=  Y
4 trial
v =+1









=+1 ) ≤ 0
THEN stay in elastic state and EXIT
(iii) Check the smooth portion, GOTO Algorithm 3.2
(iv) See if smooth part is valid
IF
√
2(strial=+1) − ΔW ≥ 0
THEN, Update the strain from (vi)
(v) IFNOT, return to apex - GOTO Algorithm 3.3
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Algorithm 3.2: Implicit algorithm to the smooth part.
(i) Solving for ΔW : Set initial guess





















−  (derivtive form of residual)
ΔW := ΔW − Φ̃
3
(update value)
















IF |Φ̃| ≤ ntol THEN update











(iv) GOTO Algorithm 3.1 and start at (ii)
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Algorithm 3.3: Implicit algorithm to apex.
(i) Solving for ΔY?v : Set initial guess
ΔY
?


















































IF |A | ≤ ntol THEN update
σ=+1 := ?=+1I
(iv) GOTO Algorithm 3.1 and start at (ii)
Consistent Tangent Modulus for Implicit Code
Consistent tangent is coming from the derivative of the updated stresses (either from
the smooth portion or apex of the cone) through the above algorithm.
• Smooth part of the cone tangent: By differentiating the updated deviatoric



















where, the second order tensor,D is:
D ≡
ε4 triald =+1
| |ε4 triald =+1 | |
. (3.57)
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And, for the hydrostatic pressure, taking the derivation of the updated pressure
with respect to the elastic trial volumetric strain. It gives,
d?=+1 =  
(







By taking the derivative of equation (3.52) with respect to the trial strain, the
expression relating, dΔW can be obtained as,
dΦ̃ =
√


















Hence, dΔW can be written in the form,
dΔW =
1











dY4 trialv =+1) (3.60)













The expression which is coded in the HYPLAS code for the elasto-plastic


















)D ⊗D + tan(q)√
3







where |d is the deviatoric projection tensor and term  is described as,
 =
1




) +  (3.63)
• Apex tangent: As at the apex there is only hydrostatic (pressure) stress.
Therefore, the equation (3.62) for associated elasto-plastic tangent modulus









where, d?=+1 =  I : dε4 trial=+1 −  dΔY
?
v .
rewriting the dY?v in terms of the elastic trial strain by taking the derivative
of the residual equation (3.54) and substituting it in the equation (3.64).
The derivative form of the tangent operator consistent with the apex return
mapping is in the form,
D4? = I ⊗
 I : dε4 trial

















Hence, the tangent operator consistent with the apex return mapping is ex-
pressed as,
D4? =  
(









I ⊗ I . (3.66)
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3.2.2 The SR4 Model
The implementation of the soft rock, SR4 model, which is a new constitutive model
and proposed by [52] is described. The model is combination of the SR3 and Cam
Clay models. The SR3 surface is to describe the shear response and an elliptical
cap to represent the compaction response. The flow surface can have a different
shape in the ? − @ plane to the yield surface. That is to say, the critical state line
may take different slope than the peak strength line and they are independent. This
important as
1 The true frictional resistance of the sand and the shape of the cap can be
represented simultaneously. As, the shape of the yield surface and flow
potentials are not restricted.
2 Taking the conditions that cause static liquefaction are considered within the
model [62].
The detailed description of the soft rock constitutive models is provided in [63]
The SR4 is a three-invariant rate-independent poro-elastic-plastic critical state con-
stitutive model with non-associative plasticity but, in this work we use associative
plasticity only.
The yield surface delimits the domain of stress states that produces elastic and
elastic-plastic strains. Stress paths moving inside the elastic domain produce elastic
deformation whereas, stress paths that reach the yield surface may produce elastic-
plastic deformation. It is defined in the ?− @ plane with two functions that intersect
at the point of maximum deviatoric stress. The shear side is defined using the SR3
surface whereas the compression side is defined by the elliptical function of the
standard Cam clay model as illustrated in Figure 3.2.
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Figure 3.2: SR4 representation in p-q plane.
Shear Yield Surface
The shear yield function intersects the hydrostatic axis in tension and is defined as:







where ?C is the tensile intercept of the yield surface with the hydrostatic axis, ?2 is
the pre-consolidation pressure or compressive intercept of the yield surface with the
hydrostatic axis, ε?v is the plastic volumetric strain, V and = are material constants
which define the shape of the yield surface in the ? − @ plane, \ is the lode angle.
6(\, ?) is a function that controls the shape of the yield surface in the deviatoric
plane (plane normal to hydrostatic axis.) and ?Φcrit is the effective mean stress at




(?C + =?2) (3.68)
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s : s (3.69)
Cap Yield Surface
The cap yield surface is defined as





















Yield Surface Shape in Deviatoric Plane








where #cis a deviatoric plane shape material constant and Vc(?) is a function
defined as







where Vc0 and V
c
1are material constants and ?2> is the initial pre-consolidation
pressure (corresponding to uncompressed and undamaged material).
Flow Rule
The non-associative plastic strain rate for the plastic flow is defined as,
¤ε? = ¤W mΨ
mσ
= ¤WN (3.74)
And the loading/unloading criterion like other material models is
Φ ≤ 0, ¤W ≥ 0, ¤WΦ = 0. (3.75)
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where, the flow vector,N , can bewritten in terms of the shear and cap flow surfaces.
The flow surfaces for the shear and cap surfaces are shown in the following,
• Shear flow surface:





?trial ≥ ?Ψcrit (3.76)
where, < and k are material parameters that describes the shape of the plastic
flow surface. Note that, k is not the dilation angle, as the dilation angle is
dependent on the position of the stress state relative to the yield surface. This
plastic potential therefore intercepts the hydrostatic axis at the same point as




(?C + <?2) (3.77)



































• Cap flow surface:
The flow rule is given by,
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= @trial − 3ΔW mΨ
m@
(3.83)
Therefore, according to the specific flow potentials,
@=+1 = @trial − 36ΔW Shear
@=+1 = @trial − 662@ΔW Cap
(3.84)
and the pressure ? is
?=+1 = ?trial −  ΔY?E (3.85)
In order to update the stresses, there are four equations to solve for four unknowns
i.e. two stress components (?=+1, @=+1), the volumetric plastic strain and plastic
multiplier, Y?v and ΔW respectively.
1 = ?=+1 − ?trial +  ΔYv?
2 = Φ(?, @, ΔW, ΔY?v )
3 = ΔY?v − 3ΔWΔW
mΨ
m?
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0 1 + 3ΔW m2Ψ
m2@

The derivative of the equations in the above matrix are either for the shear or cap
surface according to the appropriate one.
when ?trial ≤ ?Ψcrit then the flow potential will always be the cap, while the yield
surface may be either the shear surface or the cap. Further, during the stress update
the stress point move between the shear and cap yield surfaces. when ?trial > ?Ψcrit
the stress point will always lies on the shear yield surface and the shear flow potential
will always be active.
Tension Apex Return
If ?C = 0, the tension apex return stress and pressure can be updated as
s=+1 = strial − 2ΔWdstrial
?=+1 = ?trial −  ΔY?v
(3.87)
And, the s=+1 = 0 at apex so that ΔWd = 12 . Therefore, the yielding function is
define as,
F = ?trial −  ΔY?v − ?C(Y
?
v ) = 0 (3.88)









 +  
(3.90)
Chapter 4
Non-Linear Finite Element Solution
Finite element is a numerical approximation that is suitable to the solution of
certain potential differential equations. It has been powerful method in engineering
problems and been implemented in modern software to simulate their designs.
In this chapter, we are introducing the summary of the implicit and explicit Finite
Element method (FE) to non-linear solid mechanics. The implicit finite Element
(FE) numerical solution will be used to solve the RVE problems later in this work.
The FE approximation (discretization) of the nonlinear BVP which is solved by
Newton-Raphson (N-R) iterative algorithm is provided. Next, we introduce the
explicit solver followed by the stress integration. Finally, the element methodology
that is used in this work is described.
4.1 LargeStrainFiniteElementApproximation: Im-
plicit solver
The summary of the non-linear explicit Finite Element method which is the solution
to the static problems is explained in the following. This method relies on the
discretization of the virtual work by means of finite element bases interpolation or
shape functions whose parameters are the nodal displacements. Next, the solution
of the linear discrete equations by the Newton-Raphson method is described. The
formulations presented in this section are standard and can be found in [54; 55; 64;
65].
45
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4.1.1 Finite Element Discretization
Finite Element method for the numerical solution explained in section 2.2.3, equa-
tions (2.25) and (2.28) is, by discretization the reference configuration Ω to Ωℎ and
for both spaces K and V to subsets K ℎ and V ℎ.
Let us define the element, 4 with nodal coordinate x8 and the interpolation function,
N (4)
8
associated with each node 8. The finite element interpolation of the field Hℎ







where, H8 ≡ H(x8) and = is the number of nodes per element.
In order to discretize the virtual work, with the introduction of the above interpola-




















respectively. Also the displacement vector, virtual displacement η and its gradient



















With the above introduction in equation (2.25), the discretized virtual work expres-
sion gives,





P d+︸             ︷︷             ︸
f 4 ℎint
−















is the associated local non-symmetric gradient matrix at node 8 and
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f 4 ℎint and f
4 ℎ
ext are the internal and external nodal force vectors of the element
respectively.
The Gaussian quadratures is used to evaluate the exact integral of the element
force vector. By taking the integration domain as Γ, the Gaussian quadratures
approximation reads, ∫
Γ
5 (ξ) 3ξ ≈
=6∑
8
l8 5 (ξ8) (4.5)
where, =6 is the number of Gauss points and ξ is the coordinates of the Gauss points
with corresponding weights, l8 over the integration domain.
The Gauss quadrature expression for approximation of the integral of a function





6(x(ξ)) 9(ξ) dξ ≈
=6∑
8
l8 68 98 . (4.6)





is the determinant of the derivative of the shape functions
with respect to ξ for each Gauss point (determinant of Jacobian). Note that, exactly
same procedure applies to the boundary, mΩ4, of an element. Therefore, by applying
the Gaussian quadratures for integrals over an element, the element force arrays are
obtained as,





















In order to get the global force vectors over the entire domain with a mesh of finite
element, assembling the nodal forces for all the element is expressed as,
f int = A#8 (f
4 ℎ
8=C ,8) (4.8)
where, A is the FE assembly operator, is obtained the sum of the element force
vectors for all elements sharing the particular global node.
By applying the above expressions to the equations (2.28) and (2.29), the non-linear
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incremental finite element equation is expressed over the entire domain as,∫
Ωℎ







N)f =+1 d+ = 0 ∀η ∈ V ℎ
(4.9)
4.1.2 The Newton–Raphson Scheme. Linearization
The solution of the non-linear expression above can be obtained by an iterative pro-
cedure. One of the iterative method is Newton-Raphson which is the most attractive
solution. Due to its quadratic convergence. This method requires the linearized
form of the equation (4.9). The following procedures describe the linearized form
of the virtual work in the direction of Xu briefly. The linearized problem consists
in solving displacement for a generic function H such that
!(Xu,η) ≡ H(u∗,η) + H(u∗,η)[Xu] = 0 , (4.10)






H(u∗ + nXu,η), (4.11)
is the directional derivative of the function, H at arbitrary argument u∗ in the
direction of unknown displacement, Xu. Therefore, with the above at hand, and
having P in the virtual work expressed in equation (2.25), in terms of a function
of displacement field through deformation gradient, equation (2.3), we arrive at the















and F = I + ∇(u∗ + nXu)


















= A is the material tangent modulus. Hence, the final expression of the
linearized virtual work in large strain is in the form,∫
Ω
A : ∇Xu : ∇η d+ = −
∫
Ω







By applying the FE discretization to the equation above, the Newton-Raphson
iterative method can be applied to solve for the unknown displacement.
Newton-Raphson Solution


















The Newton-Raphson method consists of solving the linear system of equations at
each iteration (:),
KXu(:) = −R(:−1), (4.15)
where, R(:−1) = f int(u(:−1)
=+1 ) − f
ext







the global tangent stiffness matrix.
Finally, we can update the global displacement vector u:







4.2 Explicit Solver Strategies
In this section, the explicit dynamic analysis of large strain problems are well
established. The stability is crucial for the explicit method and it is restricted by
requirements of stability. The procedure is only conditionally stable if the time step
is below the critical value ΔCcrit which is governed by the Courant stability limit
for detailed analysis see, [64; 66–68]. Note that, small time steps often below the
critical time step or stability limit, are imposed by the requirements of the wave-
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speed. The essential features for the explicit finite element method are summarized
in the following sections.
4.2.1 The Discretized Dynamic Equations
It is important to mention that, we are working on the current configuration. There-
fore, according to the equation of motion in equation (2.16), the weak form of the













daηd+ ∀η ∈ V (4.17)
It can be seen that the dynamic effecting represented by the acceleration field a = ¥u.
By applying the standard incremental finite element discretization, explained in
section 4.1.1, the equation of motion is expressed as∫
Ωℎ










da=+1N)N︸               ︷︷               ︸
M
d+ = 0 (4.18)
Or can be represented as,
Mu=+1 + f int = = f ext = (4.19)
where, M is the mass matrix and u represent the displacement vector.
The explicit integration of the non-linear equation above is solved by the central
difference method which is the most popular approximation for the explicit methods
in computational mechanics and physics. Since the stable time step changes as the
wave speed are varying and the mesh deforms due to the change in the stress, the
time step is obtained through an algorithm. For this purpose, the time increments
define by,
Δt=+
1/2 = t=+1 − t=, t=+1/2 = 1
2
(t=+1 + t=), Δt= = t=+1/2 − t=−1/2 (4.20)
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(u=+1 − u=) (4.21)
This difference expression above can be written to an integration formula as follows:
u=+1 = u= + Δt=+1/2v=+1/2 (4.22)







Therefore v=+1/2 = v=−1/2 + Δt=a= (4.23)
Note that, the equation (4.19) is discretized in space but not in time, it is often called
as semidiscrete. By using expression (4.23), the velocity formula can be written in
terms of mass matrix M as,
v=+
1/2 = v=−1/2 + Δt=M−1{f =,ext − f =,int} (4.24)
The update of the nodal velocities and nodal displacements in equations (4.22) and
(4.24) respectively are not required only if the mass matrix M is diagonal. This
is the salient characteristic of an explicit method. That is, the time integration
of the discrete momentum equations for the explicit method does not involve the
solution of any equations on the use of a diagonal mass matrix. Therefore, the
estimation of nodal displacement can then occurring only through the the internal
forces. This makes explicit dynamic analysis useful approach for many industrially
relevant problems.
Critical Time Step
The above time integration scheme is conditional. The stability relies on the
permissible time step being governed by the Courant stability limit. This limit can
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The expression above is logical when there is no damping in the system. Therefore,
it requires modification for the problems with damping, which normally causes in
reduction of the critical time. Solving the practical problems with Δtcrit can be
computationally expensive. Because of that, the estimation of a lower-bound of the












wherelmax is the maximum frequency of the linearized system, ;4 is a characteristic
length of element 4, 24 the current wavespeed in element 4, and U is a Courant
number or reduction factor, usually is taken as 0.8 ≤ U ≤ 0.98.
To pick the time step for the meshed model, first calculating the time step for each
element and the minimum element time step is taken as the mesh time step.
4.2.2 Stress Integration
In explicit analysis the computational costs are from stress update procedures which
is combined by the stability restriction on the time incrementation size. In explicit
codes is computationally expensive for the use of industries to update the defor-
mation gradient and the polar decomposition. Therefore, the use of hypoelastic
constitutive equations is the solution to this. The hypoelastic constitutive law is
commonly used in explicit dynamic codes. This law relates rate of stress τ◦ to the
deformation rate d through the relation, which is almost exclusively assumed in a
linear form given as
τ
◦ = h : d (4.27)
where h is the elastic modulus and depends on the choice of the constitutive relation.
This type must be written in terms of objective rates to maintain correct rotational
transformation properties for more detailes see [69] and [66].
The stress integration procedures of hypoelastic constitutive law in equation (4.27)
requires to follow the condition of incremental objectivity which is formalized by
[70] and it has been used in computational framework to obtain the stress integration
algorithms. This algorithm prevents the spurious stresses generation in rigid body.
One of the most used hypoelastic constitutive laws is the Jaumann rate of the
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Kirchhoff stress and it is expressed as,
∇
g = ¤τ + τw −wτ (4.28)
where, w is the spin tensor which represent the skew part of the velocity gradient,
w = skew[l]. The incrementation of the strain and the spin tensor at the midpoint
of the time interval is assessed for the implementation of the stress integration























The following procedure is used to update the stress,





τ=+1/2 = τ̂ (τ ∗= , e=+1/2,α∗=)






where e=+1/2 is a tensor evaluated on a midpoint approximation of the incrementation
of the strain, ΔCd=+1/2 and α∗ represents the set of internal variables, it may need
those three steps above if tensorial variables are included. The stress at the midpoint
is coming through the chosen constitutive algorithm in the equation (4.31)2 and it
is normally in the small strain regime.
The above procedure, can be simplified more in order to reduce computational
costs, by computing the τ̂ at the end point of the time increment C=+1. However, not
considering the incremental objectivity is the main disadvantage of this scheme and
also, time step is crucially restricted to the stability condition in (4.26).
Note that, there are other implementations or schemes in order to insure the in-
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cremental objectivity in explicit dynamic codes to allow for anisotropic materials
and reduce the difficulties in description of kinematic hardening of elaso-plastic
materials. However, at the same time, the computational costs goes up in terms of
memory and a number of operations.
4.3 Element Methodology
The poor performance of the low-order interpolation polynomials in the finite
element under near incompressibility is a notable fact. One of the typical model
is, elasto-plastic simulations under plastic deformations that we are facing in this
work. In such a situation, the volumetric locking occurs which is increasing in
stiffness and represent volume-preserving displacement fields. However, despite
their disadvantage, they are preferred in engineering practical problems. Due to
their simplicity and robustness, they reduce computational costs and make the finite
element models faster. Several methods have been proposed by researchers (for
detailed analysis see, [71–75] for both explicit and implicit finite element analysis,
in order to tackle the problem. And, make the lower order elements usable for
large-scale computational and nearly incompressible solids. In this section, we are
looking at the F-bar method proposed by [76] in case of the implicit finite element
method and hourglass techniques proposed by [77] for explicit transient dynamic
analysis briefly.
4.3.1 The F-Bar Methodology
In large strain elastoplastic problems, the incompressibility effect dominate and
caused the low order elements to fail under volumetric locking effect. One al-
ternative technique that has been demonstrated to be applicable to this problem
is, the use of the F-bar method. This method follows the standard finite element
implementation by modifying the deformation gradient. In order to construct the
F-bar deformation gradient Ff-bar, the multiplicative split of the deformation gra-
dient is applied at both, the Gauss point of the interest and at the centroid of the
element, b = b0 ( Figure 4.1 illustrates the procedure for the four-noded quadrilateral
element):








Figure 4.1: The F-bar four-node quadrilateral for large strain analysis model.
F = FisoFE, F0 = (F0)iso(F0)E (4.32)
And by using the multiplicative split relation Fiso = (detF )
1/3F , the F-bar deforma-
tion gradient can be defined as,





Now by having theFf-bar, we can update stresses at the each Gauss point. Therefore,
the first term of the boundary value problem of expression (2.27) can be rewrite as,∫
l
σ̂(Ff-bar) : ∇η dE. (4.34)
And the internal force vector can simply follow the standard finite element proce-
dure, the only difference is that, in F-bar elements, the calculation of the stresses at
Ff-bar through the constitutive function. The procedure is simple as can be seen in
(4.33), the modified deformation gradient is simply calculated by multiplying F by
a scalar factor. Also, the first Piola-Kichhoff stress can simply be obtained as,
P = det[Ff-bar] σ̂(Ff-bar)F −)f-bar (4.35)
Note that, the c.p.u time required to compute the F-bar tangent stiffness is slightly
longer than the standard elements. That is, due to the extra term at the element
centroid. The tangent stiffness on the left hand side of the equation (4.14) for the











G)q (G0 −G) d+︸                       ︷︷                       ︸
additionl stiffness
(4.36)
where, G0 is the gradient operator at the element centroid and q is the forth order




A : (I ⊗ I) − 2
3
(σ ⊗ I). (4.37)
The F-bar elements have been proved to be accurate under near-incompressibility
and more advanced constitutive models. In Figure 4.2, the difference between the
standard four-node and F-bar quadrilateral element under combined compression
and shear loading with Drucker-Prager constitutive model is shown. The mesh
(a) (b)
Figure 4.2: 2D models.(a) Standard element (b) F-bar element.
distortion can be seenwhen using the standard elementwhich impact on the accuracy
and stability of the model.
4.3.2 Hourglass Methodology
The industrial simulations are invariably large and therefore using under-integrated
or one point quadrature element is essential as it makes the simulations three to
four in 2-D and six to eight times faster in 3-D, reduces the computational costs and
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it can prevent the elements locking near incompressibility. The major draw back
of the reduced integration procedures is known as hourglassing or mesh instability
which first recognized by [78]. They appear in finite elements as kinematic modes
or spurious zero-energy modes; see for example [79–81]. They cause singularity
of the assembled stiffness matrix in static solutions, pressure oscillations, and in
addition influences displacement field instabilities. Various techniques have been
developed to control the hourglassmodes, one of the earliest of these is the technique
developed by [78] who added artificial viscosity to prevent opposing rotations of
the sides of the quadrilateral zone. And, the computational version of hourglass
viscosity or viscous damping has been developed by [82] and [83–85]. The other
method which is used in this work is, adding artificial stiffness without effecting the
global modes. Both methods are capable of controlling the hourglassing at singular
modes. However, it should be noted that the control techniques do not fully remove
kinematic modes and, with coarse meshes or meshes under large nodal forces, the
hourglassing are likely to happen. Figure 4.3 illustrates the hourglassing effect on
a four-node quadrilateral element.
Integration node
Element nodes
Figure 4.3: The hourglassing four-node quadrilateral element.
Chapter 5
Multi-Scale Homogenization
Industrial and engineering materials as well as natural materials are heterogeneous
at a certain scale. Due to the highly heterogeneous medium, there are two different
scales are considered. The macroscopic scale, where the response at each point of
the macroscopic continuum is, the homogenization of the response of a Represen-
tative Volume Element (RVE) at that point (see Figure 5.1). The examples include
polycrystalline materials, composites, porous, cracked media and many other ma-
terials. The interest in the multi-scale approaches is noticeable from number of
published journal articles in this area [49; 86–91] and etc. Such a model has high
popularity in computational mechanics community for their suitability in the finite
element implementation based on computer simulation frameworks. The homoge-
nization multi-scale constitutive theory is the assumption that, any material at any
point in macroscopic continuum is associated to RVE with a length much smaller
than the length of the macro-continuum. The homogenization-based multi-scale
theory providing here based on the kinematical variational framework as proposed
by [92], The formulation expressed in an axiomatic manner based on the following
principles:
• RVE equilibrium,
• volume averaging of stress and strain tensors
• the additive split of the microscopic displacement defining the constraint on
the kinematically admissible displacements of the RVE and,
• the Hill-Mandel principle of macro-homogeneity.
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The physics and the mechanics of the RVE has a significant impact on the behavior
of the macroscopic material. For instance, the overall response of the macroscopic
continuum depends strongly on the size, shape, spatial distribution and properties
of the micro-structural constituents and their respective interfaces.
In this chapter, we describe well known classes of multi-scale theories for large
strain in solid mechanics. By describing the equilibrium equations of the macro-
continuum and the micro-structure at the reference configuration within the varia-
tional framework above, then introducing the coupling of scales (homogenization).
This develops the homogenization of the strain (deformation gradient in large strain)
and the stress, an essential aspect in the formulation of the multi-scale theory which
is the Hill-Mandel Principle of Macro-homogeneity and the additive split of the
microscopic displacement. A family of the kinematical constraints that can be im-
posed on the RVE are introduced next. Finally, presenting the numerical examples
to illustrate the scope and benefits of the multi-scale computational strategy such

















Figure 5.1: Macro-continuum with a locally attached micro-structure.
5.1 Macroscopic Boundary Value Problem
The macroscopic equilibrium problem is written in the reference configuration and
the macroscopic stress is formulated as First Piola-Kirchoff stress P̄ . To find the
kinematically admissible displacement field ū ∈ ¯K , using the following formulas,
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∫
Ω̄
P̄ : ∇η̄ d+ −
∫
Ω̄
b̄(X , C) · η̄ d+ −
∫
mΩ̄
t̄(X , C) · η̄ d = 0 ∀[̄ ∈ V̄ (5.1)
holds for any time C. The solution of the a kinematically admissible displacement
field ū is the stress at each point,X , at time C and is in the form,∫
Ω̄
P̄ : ∇η̄ d+ =
∫
Ω̄




S̄([ + ∇ū(X)]C) : ∇[̄ d+. ∀[̄ ∈ V̄
(5.2)
where,S is a constitutive functional of the deformation gradient and [̄ is the virtual
kinematically admissible in the virtual space of V̄
The RVE Equilibrium
In order to find the kinimatically admissible micro-scale deformation gradient F`
of the RVE, in the reference configuration, the weak form of the BVP is in the form,∫
Ω`
P` : ∇η d+ −
∫
Ω`




t(X`, C) · η d = 0 ∀[ ∈ V
(5.3)
where, Ω` and mΩ` are representing the volume and the boundary of the RVE in
the initial configuration see Figure 5.2. Note that RVE is made of solid and void
phase (Ω` = ΩB` ∪ ΩE`) , due to the assumption that there is no traction between
the void and solid phase of the RVE, we only considering the solid phase, therefore
Ω` = ΩB`.
The deformation of the RVE is driven by the macroscopic deformation gradient F̄ .
Therefore, homogenization theory is used here to relate the micro to macro scale
deformation gradient and the theory will be described in following section.
5.2 Homogenization
The coupling of macroscopic to microscopic scale is based on homogenization of
stress and strain tensors. The homogenize properties, such as, deformation gradient,




















































Figure 5.2: Deformation of the macro-continuum and the micro structure. The
initial and deformed configurations of themacro-continuum are (Ω̄ , l̄) respectively.
The corresponding configurations for the micro structure are (Ω` , l`).
appropriate stress, and stress power based on the Hill-Mandel principle and finally,
the additive split of the microscopic displacement field is described in the following.
5.2.1 Homogenized Deformation Gradient
The starting point of the kinematical variational framework of multi-scale theory is
the relationship between the macroscopic and microscopic strains. The assumption
made is that at any time C, the macroscopic deformation gradient F̄ at a point X
on the macro-continuum is the volume average of the microscopic deformation
gradient F- with in the RVE associated withX:






where, +` is the volume of the RVE in its initial configuration.
By using the definition of the deformation gradient, the equation above can also be
written as,





∇u`(X`, C) d+ (5.5)
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5.2.2 Homogenized Stress
The macroscopic first Pilo-Kirchhof tensor P̄ at a pointX of the macro-continuum
is also defined, at any time C, as the volume average of the microscopic first Pilo-







Homogenization also applies to the other stress measure such as, Cauchy, the second
Piola-Kirchhoff and Kirchhoff stresses. As, the RVE volume can be in initial or
deformed configuration.
The homogenized stress tensor can also be formulated in terms of boundary traction


































5.2.3 Additive Split of RVE Displacement Field
Microscopic displacement field can be split into sum of homogenized displacement
and fluctuation displacement ũ` as,
u` = ū + ũ` (5.8)
where, ū = [F̄ − ]X`.
The displacement ū varies linearly inX` and is homogeneous over the entire RVE
while the displacement fluctuation ũ` accounts for the deformation occurring at
the RVE level and does not contribute to the overall deformation of the macro-
continuum. As, the fluctuation displacements field is crucial to define the space of
virtual kinematically admissible displacements (will be described in the following
section). Hence, the microscopic deformation gradient can also be expressed as,
F` = I + ∇u` = F̄ + ∇ũ` . (5.9)
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5.2.4 Hill-Mandel Principle
In macro homogeneity, the Hill-Mandel principle is one of the crucial aspect. It
states that, for any kinematically admissible motion of the RVE, the macroscopic
stress power is related to the microscopic stress power by volume averaging. It is
expressed as,





P` : ¤F` d+ (5.10)
This principle says that, the body and traction force are zero according to the chosen
constraint. This can be shown by using the additive split into the equation above,




P : ( ¤̄F + ∇ ¤̃u`) d+











P` : ∇ ¤̃u` d+ = 0 ∀ ¤̃u` ∈ V (5.12)
By applying integration by part to the above equation and and using the strong form
of the equilibrium, the expression (5.12) can be written as,∫
mΩ`
t · ¤̃u` d −
∫
Ω`
b · ¤̃u` d+ = 0 ∀ ¤̃u` ∈ V (5.13)
Therefore, this provides the equilibrium equation of the RVE reduces to∫
Ω`
P` : ∇η d+ = 0 ∀η ∈ V (5.14)
Further, we assume that at any time C the stress at each point X` of the RVE is
delivered by a generic constitutive functionalS of the deformation gradient history
at that point up to time C:
P` = S{[F̄ + ∇ũ(X`)]C} (5.15)
Now by having this assumption together with the RVE equilibrium equation, gives
the RVE equilibrium problem which consists in solving for a displacement fluctua-
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tion function ũ for a given macroscopic deformation gradient such that∫
Ω`
S{[F̄ + ∇ũ(X`)]C} : ∇η d+ = 0 ∀η ∈ V (5.16)
5.3 Kinematical Constraints
The kinematical constraint on the RVE has to be defined. In this case, defining the
space of kinematically admissible microscopic displacements and consequently the
space of virtual kinematically admissible microscopic displacements V .
Minimum kinematical constraint is one of the kinematical constraint that can be
applied to the RVE. Further constraints will be introduced in following sections.
By varying the choice of kinematical constraints, there will be different classes of
multi-scale models
5.3.1 The Minimum Kinematical Constraint
By making use of Green’s theorem to the equation (5.5), it can easily be estab-
lished that the deformation gradient is equivalent to the following constraint on the
allowable deformation of the RVE.∫
mΩ`
u` ⊗N3 = +`(F̄ − I). (5.17)
where,N is the outward unit normal field on mΩ`.
This constraint requires the space of kinematically admissible RVE displacement
fields K to be subset of the minimally constrained set of kinematically admissible
microscopic displacements, K ∗:





v ⊗N d = +`(F̄ − I)
}
, (5.18)
with a sufficiently regular field meaning that all the operations in which they are
involved make sense [92]. The constrain set can be expressed in terms of the
microscopic displacement fluctuations, by using the additive split as





v ⊗Nd = 0
}
(5.19)
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with ˜K being the space of kinematically admissible microscopic displacement
fluctuations (with ũ` ∈ ˜K ) and ˜K ∗ being the minimally constrained space of
kinematically admissible microscopic displacement fluctuations.
For this class of virtual work-based variational setting, the virtual displacements are
defined as variations in the kinematically admissible of RVE displacements. Based
on that, the associated space of virtual kinematically admissible of microscopic
displacements can be expressed as
V ≡
{
η = v1 − v2 |v1, v2 ∈ K
}
(5.20)
According to additive split, the equation above can be written in form
V ≡
{
η = ṽ1 − ṽ2 |ṽ1, ṽ2 ∈ ˜K
}
(5.21)
Therefore, it coincides with the space of kinematically admissible displacement
fluctuations:
V = ˜K ⊂ ˜K ∗. (5.22)
5.3.2 Multi-Scale Models
The characterization of a multi-scale model depends on the choice of expres-
sion (5.19). Classically four types of conditions are used to solve the problem
at micro-level: prescribed uniform deformation (or the Taylor) assumption, the
linear boundary displacement condition, the periodic boundary displacement fluc-
tuations condition and the uniform boundary traction assumption. The following
choices are:
• Taylor:
Deformation gradient is uniform over the RVE. Therefore, fluctuation dis-





X` ∀X` ∈ Ω` . (5.23)
Hence, the space V = V Taylor ≡ {0}
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• Linear:
This class of boundary assumption is derived by assuming that the micro-
cell boundary displacement fluctuations vanish. That is to say, the boundary





X` ∀X` ∈ mΩ` . (5.24)
Hence, the body force field is zero in this case. As, they are the reaction to
the prescribed boundary displacements of RVE. Also, the corresponding V
is in the form,
V = V lin ≡
{




The macro structure is made of periodic repetition of the RVE. The boundary









. Boundary sides of the RVE have been equally sized into pair nodes
{X+` ,X−` }. For point i,
Γ+8 ∪ Γ−8 ∈ mΩ`,
n+8 = −n−8
(5.26)
It shows that, each point has a corresponding pair. In this case, the fluctuation
displacements are also periodic on the boundary of the RVE. However, the
boundary surface tractions are anti-periodic and body force is zero.
For each pair {X+` ,X−` } the displacement fluctuation fields are,
ũ`(X+` , C) = ũ`(X−` , C) (5.27)
And the space V is,
V = V per ≡
{
ũ` ∈ ˜K ∗ |ũ`(X+` , C) = ũ`(X−` , C)∀pairs{X+` ,X−` } ∈ mΩ`
}
. (5.28)
• Uniform boundary traction:
Uniform boundary traction is also known as the minimally constrained which
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is defined by (5.16) earlier. There is no reactive body force and no restriction
on the RVE geometry in this case. Also, the space V is expressed as,
V = V trac = ˜K ∗ (5.29)
Note that, by applying different boundary conditions on a given RVE, the estimation
of the corresponding homogenized macro materials are different. That is to say, the
Taylor model gives the stiffest solution to the microscopic equilibrium problem, and
stiffness is decreasing in order, by the linear boundary displacement, the periodic
displacement fluctuation and the uniform boundary traction model.
5.4 Numerical Approximation
The description of the computational implementation of multi-scale constitutive
theories of the above typewithin the non-linear finite element framework is provided.
5.4.1 The Incremental of RVE Equilibrium Problem
First, we will assume the constitutive behavior at the RVE level is expressed by
conventional internal variable-based dissipative constitutive theories, whereby the
stress tensor is obtained by integrating a set of ordinary differential equations in time
for the given strain tensor history, typically using Euler-type difference schemes.
For atypical time interval [C=, C=+1] as described in chapter 3 in more details. The
solution to the time-discrete version of equilibrium problem (5.16):∫
Ω`
P =+1(F̄ =+1 + ∇ũ=+1,α=) : ∇η d+ = 0 ∀η ∈ V . (5.30)
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5.4.2 Finite Element Discretization of RVE Boundary Value
Problem
By applying the Finite Element (FE) methods explained in chapter 4 to the RVE
problem. The discretized version of the linearized microscopic BVP is in the form,{ ∫
Ωℎ`
G)P =+1(F̄ =+1 +Gũ=+1,α=) d+
}
.η = 0 ∀η ∈ V ℎ (5.31)
According to the Hill mandel principle there is no external force vector is involved
and Newto-Raphson method is used here to solve for the displacement fluctuation
field ũ` ∈ V ℎ.
5.4.3 Multi-Scale Models Finite Element
The construction of the the discretized space of virtual kinematically admissible
displacements for multi-scale model V ℎ differ from the finite element versions
of conventional solid mechanics. Therefore, the discretized V ℎ depends on the
choice of multi-scale model. The linear boundary condition defines the solution of
Newton-Raphson by assigning zero displacement fluctuations on all the degrees of
freedom of the boundary of the RVE. This is not the case of the other models.
5.4.4 Discretization of Minimally Constrained Model








 ∫mΩℎ`N1η1 ⊗ nd = 0
 , (5.32)
where, η1 is the the vector of boundary degree of freedom which contains, free,
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And, η8 is the internal degrees of freedom vector.
The matrix form of the integral in equation above can be expressed as,
Cη1 = 0, (5.34)
where, C is the constraint matrix and the size of the matrix depends on the finite
element dimension. The above equation can be written in the form
[







To prevent rigid body motion the η? degrees of freedom have to be prescribed.






 = 0, (5.36)
The equation above is used to write η3 in terms of η 5 as,
η3 = Rη 5 , with R = −C−13 C 5 (5.37)










η3 = Rη 5

. (5.38)
By applying the same split imposed on η to the components of linearized Newton-
Raphson method and with the definition of the V trac,ℎ and that it coincides with the










K88 K8 5 K83
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By using the above procedure, the system reduces to

K88 K8 5 +K83R














To solve for the internal and free degrees of freedom displacement fluctuations,
afterwards, using the relation (5.22) to compute for the dependent degrees of free-
dom.
5.4.5 Discretization of thePeriodicBoundaryFluctuationsModel
Asmentioned, in periodic boundary condition, each boundary node has a pair, under
this assumption, the kinematically admissible fluctuation displacements vectors












where, η8, η+ and η− are a vector of interior node, positive nodes which belong to
Γ+ and negative nodes belong to Γ− respectively. To mention that some nodes are
prescribed with zero displacement fluctuations to prevent rigid body motion.
According to the above definition and the relation between the space of virtual
displacement and the space of displacement fluctuations, the discretization of lin-



























Due to the repetition of the vectors of nodal degree of freedom, the equation above
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5.4.6 Discretization of theLinearBoundaryDisplacementsModel
In linear model, all the boundary displacements are set to zero. Therefore, the only
free degrees of freedom are interior nodes which makes this model simpler than the
other two. The discretization of the linear boundary displacements model is given
by,
[Kii](:−1)[mũ8](:) = −[F8](:−1), (5.44)
which coincides with the conventional FE solution procedure.
Note that, as mentioned earlier, the Taylor model does not require any numerical
solution as all the degrees of freedom on the boundaries and in the interior of the
RVE are set to zero displacement fluctuations.
5.5 Numerical Examples
In this section numerical examples are presented to show the scope of the described
computational strategy above. The first numerical example is validation of the
computationalmulti-scale approach by using the analyticalmethod for porous elastic
materials, proposed by [86]. More information is available in details in [93]. The
second set of numerical examples focuses on RVEs simulations to show the effect
of boundary conditions, topology and distribution of heterogeneities.
5.5.1 Porous Elastic Material
Void volume fraction theory is used to predict the effective isotropic elastic prop-
erties of a porous material in both plane strain and stress. The method has been
discussed by Nemat-Nasser [93] in more detail. The void volume fraction, 5 , is the
ratio of the sum of the voids volume over the total volume, +`, of the RVE. The




= 1 − 5 (: + 1) Macro-stress
¯̀
`
= {1 + 5 (: + 1)}−1 Macro-strain
(5.45)




(3 − a)/(1 + a) for plane stress
3 − 4 a for plane strain,
(5.46)
Problem Specification and Numerical Results
In this work, we are considering four RVEs with different size of voids as shown in


















Figure 5.3: Different RVEs based on various values of void volume fraction (VVF).
The numerical test to obtain the homogenized properties of the micro-structures
above, a single square macro-structure is defined with suitable boundary condition
and by applying the prescribed displacement on theRVE the variation of the effective
shear modulus, ¯̀ from multi-scale analysis for different boundary conditions, with
respect to the matrix shear modulus, `, has been plotted in Figure 5.4. And, the
results are compared against the prescribed macro-stress and macro-strain based on
the void volume fraction theory.
It can be seen that, the Taylor assumption presents the upper bound for the homoge-
nized material properties. The closest curve to the linear displacement boundary as-
sumption is the prescribed macro-stress curve. The results obtained for the periodic
boundary displacement fluctuations condition are located between the prescribed
macro-stress and macro-strain curves. On the other hand, the softest behavior,
which is obtained by the uniform boundary traction assumption, tends to the analyt-
ical curve which has been plotted based on the prescribed macro-strain assumption.
Hence, the prescribed macro-stress and macro-strain, give the upper and lower limit
for the overall elastic material properties for porous media respectively.
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Figure 5.4: Normalized shear modulus for a = 0.2.
5.5.2 Effect of Cavity Distribution on Homogenized Properties
A unit square RVE cell is considered at the microlevel. The RVE is composed of
elasto-plastic material. Two models are taken in this work: First, a RVE with a
circular void with radius of 0.1784which is equivalent to 10% void ratio and located
at {0.5 , 0.5}. The second model, is made of randomly generated distribution of
voids with an overall 10% void ratio. Both models are depicted in Figure 5.5 The
(a) (b)
Figure 5.5: RVEs models.(a) regular cavity model and (b) 30 randomly generated
voids.
applied finite element for both models is four-node quadrilateral element, a mesh
of 788 and 4235 elements is employed for regular cavity and randomly generated
model respectively. The matrix for both models is composed of Drucker-Prager
elasto-plastic material with associative flow rule. The assigned material properties
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are: Young’s modulus  = 3000 MPa, Poisson’s ratio a = 0.3, both friction and
dilatancy angles q and k are set to 16.7◦ and cohesion 2 = 1 MPa.
The simulations in this section have been carried out by employing the compu-
tational homogenization under the plane strain assumption in finite strain. The
homogenized stress is produced by imposing the macro-deformation gradient over
the RVE and solving the microscopic initial boundary value problem for the bound-







The analysis is performed under three different boundary conditions: linear bound-
ary displacements, periodic boundary displacement fluctuations and uniformbound-
ary traction. Figure 5.6 and Figure 5.7 show the deformed mesh and the equivalent
plastic distribution (Eps) for all the three different boundary conditions for the RVE
with regular cavity and randomly distributed voids respectively. It can be seen that
each boundary condition has a different plastic zone pattern. Also, all deformed
meshes in Figure 5.6 and Figure 5.7 have been produced with large displacements
to visualized the effect of the boundary conditions.
The deviatoric homogenized stress and deviatoric homogenized strain in Figure 5.8,
given, respectively as, @ =
√
2(s(σ)), and ε3 .
In Figure 5.8, It can be observed that the RVE with randomly void distribution
shows a small difference between the three different boundary conditions and both
periodic and uniform traction are closer to the linear boundary condition. This
clearly indicates the convergence of the average properties with the increase of the
statistical sample representing the heterogeneities at the microlevel [91].






















Figure 5.6: RVE with one void at the center: (a) and (b) under linear boundary
condition, (c) and (d) periodic condition and, (e) and (f) under uniform traction
boundary condition. (a), (c) and (e) are the deformed mesh and (b), (d) and (f)
represent effective plastic strain contour plots.






















Figure 5.7: RVE with distributed voids:(a) and (b) under linear boundary condition,
(c) and (d) periodic condition and, (e) and (f) under uniform traction boundary
condition. (a), (c) and (e) are the deformed mesh and (b), (d) and (f) represent
effective plastic strain contour plots.
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q Regular cavity. Linear
Regular cavity. Periodic.
Regular cavity. Uniform traction
Random distribution. Linear.
Random distribution. Periodic.
Random distribution. Uniform traction.
Figure 5.8: Stress–strain curves. Regular cavity model and random cavity distribu-
tion model under different RVE boundary conditions.
Chapter 6
A Virtual Testing Strategy to
Determine Effective Yield Criteria
for Porous Pressure Sensitive Solids
6.1 Introduction
In many practical situations it is necessary to consider several length scales in
order to provide predictive modeling of a problem at hand. This situation arises,
for instance, in the area of geomechanical analysis of geological problems, where
macro scale is commonly of the order of several kilometers, while relevant rock
samples that characterize material behavior typically measure several centimeters.
Traditional approach of such problems has relied on extensive experimental testing
of material samples in order to provide a phenomenological constitutive model to
be used in modelling at the macroscopic scale. However, designing an extensive
experimental programme can be difficult as samples are often recovered at great
expense and scarcely available. There is therefore a need to enhance experimental
programme with computationally based techniques.
The present chapter discusses such a computational strategy with objective to con-
struct a constitutive model that may be used in simulation of large scale problems.
At the core of such computational strategy is a multi-scale modeling methodology
that relies on homogenization of a suitable chosen Representative Volume Elements
(RVEs). Since the basic principles for the multi-scale modeling of heterogeneous
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materials were introduced (see [94; 95]), this methodology has proved to be a very
effective way to deal with arbitrary physically non-linear and time dependent ma-
terial behavior at micro-level. During the last decade or so various approaches and
techniques for the multi-scale modeling and simulation of heterogeneous materials
have been proposed. Among these we highlight the contributions by [36], Suquet
and co-workers [37; 96], [47], Miehe and co-workers [45; 49; 97], [98], Ladevèze
et al. [99], [44] and [88].
The aim is to design a strategy to construct effective yield criteria to be used in
simulation at the macroscopic length scale. The effective yield criteria have been
successfully constructed for porous materials with elasto-plastic von Mises matrix,
starting with the classical work by [100], who first proposed an analytical yield
criteria and flow rules for porous ductile media composed of von Mises matrix.
Numerous publications have since been contributed on the topic as reported in a
review article by [101], which discusses a wide variety of extensions of the original
Gurson’s model and its applications. Notable recent refinements and extensions of
the original model are described in articles by [102], [103], [104], [105] and [106].
A significant practical and research interest exists in characterization of porous ma-
terials with pressure sensitive elasto-plastic matrix, which can often be encountered
in geomaterials and solid polymers. In early works [107] and [108] extend the
Gurson’s approach to determine an effective yield criteria for porous materials with
elasto-plastic Coulomb and Drucker-Prager matrix, respectively. More recently, a
substantial research effort has been invested to provide characterization of porous
materials with pressure sensitive matrix for different elasto-plastic constitutive laws
and varied void configurations ( see, for instance, [109], [110], [111], [102], [112],
[113] and [114], and references therein ).
The objective of this work is to determine effective yield criteria for porous solids
with pressure sensitive matrix by employing a computational homogenization ap-
proach following a unified variational formulation described in [92] and [91]. The
formulation can be applied to arbitrary materials and provides bounds on the effec-
tive material properties for a given choice of the Representative Volume Element
(RVE). It has already been successfully applied in prediction of yielding behavior
of ductile porous materials with pressure insensitive von Mises matrix (see [115],
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[116] and [117]). This chapter describes the first attempt to employ a generic com-
putational homogenization technique in constructing a macroscopic yield criterion
for porous material with pressure sensitive Drucker-Prager type matrix.
The overall procedure has many similarities to the approach normally undertaken
when performing experimental characterization of the material behavior and is
therefore termed the virtual testing strategy. Main ingredients of a generic virtual
testing strategy have recently been described by [118] and [119], and applied to
the construction of the initial yield surface for sheet metal forming operations and
heterogeneous composite with von Mises matrix, respectively.
The chapter is organized as follows: Section 6.2 provides a brief summary of
constitutive models considered in this work. Main steps of the virtual testing
strategy are given in section 6.3, while section 6.4 provides numerical examples
and includes comparative analysis against the results available in literature. Finally,
the main conclusions and recommendations for future work are discussed.
6.2 Constitutive Models
Pressure sensitive elasto-plastic materials are widely encountered, both as naturally
occurring (rocks, soils) and artificially designed (concrete, solid polymers). Hence,
characterization of constitutive behavior of such materials has attracted a significant
research and practical interest. This section briefly reviews three elasto-plastic yield
criteria for pressure sensitive materials, starting with a classical Drucker-Prager
yield criterion, and then discusses the constitutive description of two yield criteria
that have more recently been proposed to characterize behavior of porous materials
with pressure sensitive matrix.
6.2.1 Standard Drucker-Prager Model
The classical Drucker–Prager yield criterion is a simple extension of the von Mises
yield criterion, in which pressure sensitivity is introduced through a linear depen-
dence of the yield function on the hydrostatic pressure. Due to its simplicity the
Drucker-Prager yield criterion has often been used as a first approximation of pres-
sure sensitive elasto-plastic behavior in wide range of materials such as soils, rock,
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concrete, solid polymers, foams, etc. For more details see section 3.2.1 In the space
of principal stress the Drucker-Prager yield criterion can be represented as a simple
cone as illustrated in Figure 6.1.
Figure 6.1: Drucker-Prager yield surface in 3D space of principal stresses
6.2.2 ConstitutiveModel for Porous Solids with Drucker-Prager
Elasto-Plastic Matrix
Constitutive description of porous materials with the pressure sensitive elasto-
plastic matrix has received some attention. Early work [108] extended the Gurson’s
approach to determine an effective yield criteria for porous materials with elasto-
perfectly plastic Drucker-Prager matrix. More recently, an increased research effort
has been invested to provide characterization of porous materials with pressure
sensitive elasto-plastic matrix and varied void configurations ( see, for instance,
[109], [110], [111], [102], [112] and [113], and references therein).
In particular, Shen et al [114] provide a convenient mathematical expression of the
macroscopic yield criterion for porous material with Drucker-Prager elasto-plastic
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matrix and spherical voids. The macroscopic yield surface is expressed as,
@̄ =
{(








+ 1 + 5 2
) [
1 − 3"?̄







, 5 = void ratio , q is friction angle, @̄ and ?̄ are, respectively,
deviatoric and hydrostatic stresses normalised by
√
3 2(cohesion).
The analytical expression (6.1) above is an update of the macroscopic yield surface
proposed earlier by [108] and given as
@̄ =
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(6.2)
Some differences can be found between the two criteria, especially on the argument
of the function “cosh(). Figure 6.2 illustrates the comparison between the yield
surfaces respectively predicted by (6.1) (Solid line) and(6.2) (Dashed line) for the
case 5 = 0.1 and " = 0.1 (the corresponding friction angle is q = 16.7◦.) There is
a good agreement between these two surfaces for positive stress triaxialities (tensile
mean stresses) and for low negative stress triaxialities (compressive stress states).
However, important differences are obtained for high stress triaxialities.










Figure 6.2: Comparison between yield surface given by (6.1) (Solid line) and (6.2)
(Dashed line) for frictional angle q = 16.7◦.
6.2.3 The Soft Rock SR4 Model
The SR4 is a generic elastic-plastic critical state constitutive model originally de-
signed to describe porous elasto-plastic materials such as sandstones [56]. The SR4
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has proved very successful in description of much larger class of geomaterials and
in this work it is employed to the describe macroscopic behavior of heterogeneous
elasto-plastic materials with pressure sensitive matrix. See section 3.2.2 for more
details.
In order to match the SR4 yield surface with the Drucker-Prager yield shape the 6
factor (yield surface shape in deviatoric plane) is taken as 1 by setting Vc0 = 0, see
equation 3.72. It should be noted that in order to provide accurate representation
of material behavior the SR4 yield surface is often combined with a separate
flow surface, as shown in Figure 3.2, thus define a non-associative elasto-plastic
constitutive law.
6.3 Virtual Testing Strategy
This section discusses a computational strategy, which is designed with an objective
to construct a constitutivemodel thatmay be used in simulation ofmacroscopic scale
problems. The overall procedure has many similarities with the approach normally
undertakenwhen performing experimental characterization of thematerial behavior
and is therefore termed the virtual testing strategy. Main ingredients of a generic
virtual testing strategy have recently been described by [118] and [119], and applied
to the construction of the initial yield surface for sheet metal forming operations
and heterogeneous composite with von Mises matrix, respectively. In this context
notable are also recent contributions by [117], [106] and [120].
At the core of a virtual testing strategy is a multi-scale modeling methodology that
relies on homogenization of a suitable chosen Representative Volume Elements
(RVEs). This work employs a computational homogenization approach that fol-
lows a unified variational formulation described in [91] and [92], which is briefly
summarized in sections A.1 and A.2. The formulation can be applied to arbi-
trary materials and has a very useful feature that it provides bounds on the effective
material properties for a given choice of the Representative Volume Element (RVE).
It should be observed that a virtual testing strategy based on such an RVE formu-
lation has already been successfully applied in prediction of yielding of ductile
porous materials with pressure insensitive von Mises matrix (see [115], [116] and
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[117]). This article describes the first attempt to employ a virtual testing strategy to
construct a macroscopic yield criterion for porous material with pressure sensitive
Drucker-Prager type matrix. As will be discussed below, the construction of an
effective yield surface for pressure sensitive materials presents unique challenges
not faced when employing the von Mises type materials and requires very careful
and judicious choices when defining an effective constitutive law.
The main steps of the virtual testing strategy used in this work are illustrated in
Figure 6.3. It should be noted that in order to describe the behavior of practically
relevant problems, two strategies may be distinguished that correspond to different
length scales of the problem at hand. In strategy A the virtual testing strategy pro-
vides an effective constitutive law for the behavior of material at microscopic scale.
The RVEs size are usually taken as millimetres (mm). The effective constitutive law
within the virtual testing strategy is applied directly in simulation of a macroscopic
scale problem with size meters or even kilometres (km). In strategy B the virtual
testing involves an additional step that provides an effective constitutive law for the
behavior of material at mesoscopic scale. Mesoscopic scales are RVEs with high
heterogeneities and complex structures and they are bigger in size compares with
microscales. Strategy B is employed when significant heterogeneities are present
at multiple length scales of material and size of the RVEs in mesoscopic scale are
usually taken as centimetres (cm). Both strategies will be discussed in more detail
in sections 6.3.1-6.3.3 .
6.3.1 RVE Choice
Two unit cube RVEs are considered for all numerical results generated in section
6.3.1: (i) A cube with a single spherical void at the center, and (ii) a cube with eight
variable size randomly distributed spherical voids. The void ratio+ E` is kept constant
at 10% for all numerical examples. This represents a void volume fraction typical
for sandstone. The RVEs are discretized by eight noded hexahedral elements. RVEs
are shown in Figure 6.4, with cuts through discretized finite element meshes with
void ratio 5 = 10% depicted in Figure 6.5. The RVE shown in Figure 6.5(a) is
discretized with 106636, while the one in Figure 6.5(b) is discretized with 1567766
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Micro-Scale





















Figure 6.3: Virtual testing strategy.
hexahedral elements.
6.3.2 Yield Criterion Estimate
A crucial aspect of the described virtual testing strategy is identification of the
yield stress under different loading conditions. For the RVEs composed of the
pressure insensitive von Mises type elasto perfectly plastic material, plastic col-
lapse of the RVE is considered to have occurred when no changes in macroscopic
(homogenized) stress are observed for the increasing load factor. This procedure
allows a straightforward estimate of the von Mises and hydrostatic components of
the macroscopic collapse stress, which define a yield surface point (see [115], [116]
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(a)
(b)
Figure 6.4: RVE models with 10% void ratio.
(a) (b)
Figure 6.5: RVEs spatial descretization.
and [117] for details of the methodology and examples).
For the RVEs composed of pressure sensitive elasto perfectly plastic materials this
has proved to be a more challenging task. While the above procedure is applicable
for tensile and shear side of the ? − @ diagram, the pressure sensitivity of material
does not allow a simple estimate of the yield stress at the compressive side of
the ? − @ diagram. In order to overcome the ambiguity and in the spirit of the
described virtual testing strategy, in this work the Casagrande method [121] is
employed to identify the yield point in ? − εE and @ − ε3 diagrams for all loading
conditions, where εE and ε3 are volumetric and deviatoric strain, respectively. It
should be noted that the Casagrande method has originally been proposed to predict
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the preconsolidation pressure of soil sample and is nowadays commonly employed
to estimate first yield stress during experimental procedure involving soil and rock
materials. Graphical illustration of the Casagrande method is given in Figure 6.6.
Within the classical Casagrande method the yield stress is identified at the intersect
of the linear virgin elastic loading curve and the bisect of a horizontal and tangent
drawn at the point on the stress-strain response curve of maximum curvature (see
Figure 6.6). This procedure has proved essential in identifying yield stress for
the cases when transition between elastic and plastic deformation regime is slow,
resulting in a gradual change of slope of the stress-strain curve.












Figure 6.6: Illustration of the Casagrande method.
In order to make sure themethod above is the correct choice for our case and, it gives
consistent choice of the yield stress, the loading-unloading diagrams are plotted at
the different applied strain (see, Figures 6.7 to 6.11). To roughly identify the strain
at which the maximum dissipation of the RVE model occurs, we are plotting the
plastic dissipation (see equation (6.3)) against time. Note that, the given strain is
incremented by εtime = 0.002.
The  ? − time diagrams are plotted in case of pure shear for both friction angles
q = 16.7◦ and q = 30.2◦ as shown in Figures 6.7(a) and 6.8(a) respectively. It can
be seen that, the plastic dissipation is a good procedure to approximately indicate
the strain at which to start for the loading-unloading plots.
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Figures 6.9(b) to 6.9(d) illustrate the ?−Yv diagrams in case of triaxial compression
for friction angle q = 16.7◦ . The loading-unloading are plotted at different strain
(increments) according to the plastic dissipation plot. That is to say, loading the
RVE at time (increments) where dissipation is low and unloading it, repeating the
process for the different increments until the loading-unloading diagram does not
change after certain strain. For the friction angle q = 30.2◦ is even more difficult to
visualize the yield stress (see Figures Figures 6.10(b) to 6.10(d)). But, the explained
method can still be applied. Figure 6.11 illustrates the ? − Yv and @ − Yd diagrams
under combined loading in compression side with friction angle q = 30.2◦. It can
be seen that, adding triaxial shear loading to the triaxial compression, allows a
better estimation of the yield stress. Note that, the red line indicates loading and
the blue line indicates unloading in the following figures.
(a)
























Figure 6.7: Loading-unloading and dissipaton-time curves of the RVE with a
spherical void under linear boundary condition for q = 16.7◦, under pure shear: (a)
plastic dissipation agaist time and (b) loading-unloading stress-strain.
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Figure 6.8: Loading-unloading and dissipaton-time curves of the RVE with a
spherical void under linear boundary condition for q = 30.2◦, under pure shear: (a)
plastic dissipation agaist time and (b) loading-unloading stress-strain.
(a)














































Figure 6.9: Loading-unloading curves of the RVEwith a spherical void under linear
boundary condition for q = 16.7◦, at different increments under pure compression:
(a) plastic dissipation agaist time, (b) unloading before the maximum dissipation,
(c) unloading at the maximum dissipation and (d) unloading after the maximum
dissipation.
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Figure 6.10: Loading-unloading curves of the RVE with a spherical void under
linear boundary condition for q = 30.2◦, at different increments under pure com-
pression: (a) plastic dissipation agaist time, (b) unloading before the maximum
dissipation, (c) unloading at the maximum dissipation and (d) unloading after the
maximum dissipation.
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Figure 6.11: The (a) ?−Yv and (b) @−Yd loading-unloading curves for the RVEwith
a spherical void under linear boundary condition with q = 30.2◦ under combined
loading (compression side).
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6.3.3 RVE Loading
The loading programme consists in prescribing a macroscopic strain path
ε(W) = Wε̄ (6.4)
where W where is the loading parameter and ε̄ is the strain imposed on the RVEs.
In order to construct a yield criterion in the stress space the macroscopic strain ε̄ is

























where U1 ∈ [0, 1] for the compressive side of the ? − @ diagram, while for the

























in which U2 ∈ [0, 1]. Note that U1 = 0 and U2 = 0 correspond to a pure shear
direction, whereas U1 = −1 corresponds to triaxial compression, while U2 = 1
defines triaxial tension loading. By varying parameters U1 between −1 and 0 and
U2 between 0 and 1 a sufficient number of yield points can be determined to allow
an accurate yield surface to be constructed.
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6.4 Numerical Results
Virtual testing strategy described in section 6.3 is employed in this section to
construct a macroscopic yield surface for porous pressure sensitive material with
Drucker-Prager elasto perefctly plastic matrix. Numerical results are obtained by
using an in-house implicit finite element code described in [54] and the commercial
finite element software ParaGeo that relies on explicit solution strategy. Numerically
generated results are compared against the analytical estimates of yield criteria given
by expressions in section 6.2.
In order to generate numerical results the following set of material constants has
been selected: Young’s modulus,  = 3000 MPa and Poisson’s ratio, E = 0.3 . Two
friction angles are considered, q = 16.7◦ and q = 30.2◦, while cohesion is taken as
2 = 1 MPa. Both friction angles are selected in order to match numerical results
with the analytical yield function proposed by [108].
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Figure 6.12: Comparison of the analytical solution with the RVE with spherical
void at the center under linear and uniform traction boundary conditions under small
strain implicit finite element. For friction angles: (a) q = 16.7◦ and (b) q = 30.2◦.
6.4.1 Role of RVE Boundary Conditions
Virtual tests have first been performed for an RVE with a single spherical void in
the centre of the RVE, while linear and uniform traction boundary conditions are
considered, which are expected to provide upper and lower bound solutions, respec-
tively, as discussed in section 5.3. Virtual testing results are generated by employing
an implicit solution procedure and compared against analytical expression given in
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equation (6.1). Figures 6.12(a) and 6.12(b) provide, respectively, a comparison
between numerical and analytical results for two selected friction angles q = 16.7◦
and q = 30.2◦. It is evident that virtual test results well capture trends observed
in ? − @ diagram for the pressure sensitive elasto-plastic Drucker-Prager material,
with linear boundary conditions providing an excellent agreement with analytical
expression (6.1) as it is providing a better agreement for high stress triaxialities.
Figures 6.13 and 6.14 depict stress-strain evolution diagrams for both friction angles
q = 16.7◦ and q = 30.2◦, respectively. In particular, Figures 6.13(a), 6.13(b),
6.14(a) and 6.14(b) give ? − εE evolution diagrams for triaxial compression and
tension, respectively, while Figures 6.13(c) and 6.14(c) give @ − ε3 for pure shear
loading. The diagrams are used to identify yield stress for each loading combination,
clearly illustrating the difficulty in selecting the appropriate value of the yield stress.
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Figure 6.13: Stress-strain curves of the RVE with a spherical void under linear and
uniform traction boundary conditions for q = 16.7◦, under different loadings: (a)
pure compression, (b) pure tension and (c) pure shear.
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They provide a justification for the use of Casagrandemethod as described in section
6.3.2 to identify the yield stresswithin the virtual testing strategy. This is particularly
evident for larger value of frictional angle q = 30.2◦.
6.4.2 Choice of RVE
In order to illustrate the influence that the choice of RVE may have on constructed
yield surface the virtual testing procedure is in this section performed on different
RVEs described in section 6.3.1 and given in Figures 6.5 and 6.6. With a view to
practical applications the virtual testing strategy described in section 6.3 has been
implemented in the commercial software ParaGeo.
Virtual testing results are generated by employing linear boundary condition, which
has been shown in previous section 6.4.1 to lead to the yield surface that is in
excellent agreement with analytical expression. Figure 6.15 provides a comparison
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Figure 6.14: Stress-strain curves of the RVE with a spherical void under linear and
uniform traction boundary conditions for q = 30.2◦, under different loadings: (a)
pure compression, (b) pure tension and (c) pure shear.
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between numerically constructed yield surfaces and analytical expression (6.1) for
two selected friction angles q = 16.7◦ and q = 30.2◦. It can be observed that virtual
testing results show excellent agreement with analytical expression for both choices
of RVE, with no significant differences between RVEs with a single and multiple
voids. Notably, for friction angle q = 30.2◦ the RVE with multiple voids provides
slightly softer response than the RVE with a single void as can be observed by
comparing Figures 6.15(b) and 6.15(d).
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Figure 6.15: Comparison between yield surface predicted by (6.1) solid line and
numerical solution. (a) and (c) display results for RVE with single void and eight
voids, respectively, with the friction angle q = 16.7◦, while (b) and (d) show results
for RVE with single void and eight voids, respectively, with the friction angle
q = 30.2◦. All results are obtained by employing ParaGeo.
Figures 6.16(a), 6.16(b), 6.17(a) and 6.17(b) depict stress-strain evolution diagrams
for friction angles q = 16.7◦ and q = 30.2◦, respectively. Figures 6.16 and 6.16(b)
give ? − εE evolution diagrams for triaxial compression and tension, respectively,
while Figures 6.16(c) and 6.17(c) give @ − ε3 for pure shear loading. The stress-
strain evolution is displayed for an RVEwith a single void for both in-house implicit
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Figure 6.16: Stress-strain curves of the RVE with a single void and multiple voids
for linear boundary condition and q = 16.7◦, under different loading conditions:
(a) pure compression, (b) pure tension and (c) pure shear.
code and ParaGeo results, while results for RVE with multiple voids are based on
ParaGeo simulation. Clearly, the stress-strain diagrams obtained by both codes
are providing a good agreement. However, the results could be indistinguishable
by improving the meshing and minimising the dynamic factor in explicit ParaGeo
code. These diagrams provide typical stress-strain curves that are used to identify
yield stress for each loading combination, again clearly illustrating the difficulty
in selecting the appropriate value of the yield stress particularly for larger value
of frictional angle q = 30.2◦. They provide further justification for the use of
Casagrande method as described in section 6.3.2 to identify the yield stress within
the virtual testing strategy.
Chapter 6. Effective Yield Criteria for Porous Pressure Sensitive Solids 97
(a)













































Figure 6.17: Stress-strain curves of the RVE with a single void and multiple voids
for linear boundary condition and q = 30.2◦, under different loading conditions:
(a) pure compression, (b) pure tension and (c) pure shear.
6.4.3 Mechanisms of Plastic Collapse
In order to get an insight into mechanisms of plastic collapse for porous materials
composed of pressure sensitive elasto-plastic matrix, the equivalent plastic strain
distribution plots are depicted in Figures 6.18 to 6.20.
Figures 6.18 and 6.20 illustrate the effective plastic strain distribution for the RVEs
with a single and multiple voids, respectively, corresponding to the loads at which
plastic collapse takes place. The results for the RVE with a single void shown
in Figure 6.18 are obtained by imposing two kinematical constraints on the RVE:
Figures 6.18(a), 6.18(c) and 6.18(e) depict equivalent plastic strain for linear, while
Figures 6.18(b), 6.18(d) and 6.18(f) depict results for uniform traction boundary
condition. Similar distributions of equivalent plastic strain can be observed for both
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linear and traction boundary conditions, however, the strains at which these levels
have been achieved are lower for the uniform traction boundary conditions. This
confirms that the uniform traction boundary conditions with minimal kinematical
constrains provide a lower bound solution to the plastic collapse of the RVE as
clearly illustrated in stress-strain diagrams given in Figures 6.13 and 6.14, and yield
surface estimates shown in Figure 6.12.
It can be observed from Figure 6.19 that the plastic collapse for the triaxial loading
conditions takes place by development of a plastic deformation in a layer of mate-
rial surrounding the void (Figure 6.19(c)), which spreads to the boundary causing
extensive plastification and collapse (Figure 6.19(d)). This failure pattern is clearly
illustrated for triaxial compression in Figures 6.18(a) and 6.18(b) and for triaxial
tension in Figures 6.18(c) and 6.18(d). For pure shear loading depicted in Fig-
ures 6.18(e) and 6.18(f), the failure pattern starts similarly by development of a
plastic deformation in a layer of material surrounding the void, but then spreads
diagonally to reach the boundary along the direction of principal tensile stress. This
failure pattern is very clearly illustrated for the uniform traction boundary condition
depicted in Figure 6.18(f), while the plastic zone appears more diffused for linear
boundary condition shown in Figure 6.18(e). Plastic zones for the RVE with mul-
tiple voids are illustrated in Figures 6.20 and 6.21, and their development agrees
with observations made above for the RVE with a single void.











































Figure 6.18: Evolution of equivalent plastic strain for the RVE with single void
and friction angle q = 16.7◦. (a), (c) and (e) display results under linear boundary
condition, while (b), (d) and (f) display results under uniform traction boundary
condition. (a)-(b) triaxial compression, (c)-(d) triaxial tension and (e)-(f) pure
shear.
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Figure 6.19: Evolution of equivalent plastic strain for the RVE with single void
and friction angle q = 16.7◦ under uniform traction boundary condition. Triaxial
compression loading at different load levels: (a) 5% of the total load (b) 7% of the
total load, (c) 10% of the total load, and (d) 20% of the total load .























Figure 6.20: Evolution of equivalent plastic strain for the RVE with multiple voids
and friction angle q = 30.2◦. (a) triaxial compression, (b) triaxial tension and (c)
pure shear.
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Figure 6.21: Evolution of equivalent plastic strain for the RVE with multiple voids
and friction angle q = 16.7◦ under linear boundary condition. Triaxial compression
loading at different load levels: (a) 10% of the total load (b) 20% of the total load,
(c) 40% of the total load, and (d) 50% of the total load .
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6.5 Multi-Scale Application
In order to provide a demonstration of the potential that the described virtual testing
strategy, given in section 6.3, can have a wide range of practical applications, this
section describes the application of the virtual testing strategy to the realistic soft
rock sample. The virtual testing procedure is implemented in the commercial
code ParaGeo [122] to allow simulation of large scale problems associated with
complex heterogeneous rock microstructure. In order to provide more flexibility in
the description of constitutive behaviour the SR4 constitutive model described in
section 6.2.3 is employed.
The SR4 model is an extension of the SR3 model proposed by [52], which has
proved very successful in simulation of a wide range of problems from geological
practice (see, e.g. [56; 123; 124]). The SR4 is a generic critical state model which
includes non-associated hardening law and by the appropriate choice of material
parameters can provide a close match to the porous Drucker-Prager type elasto
perfectly plastic material as shown in Figure 6.22.














Figure 6.22: Comparison of macroscopic SR4 yield surface with analytical expres-
sion for porous elasto-plastic material with Drucker-Prager matrix.
Figure 6.23(a) shows a digital image of a real rock sample typical for a sandstone,
which is composed of pressure sensitive elasto-plastic matrix and two types of
elastic inclusion particles. Quartz_1 has Young’s modulus of  = 70000 MPa,
while softer Quartz_2 has Young’s modulus of  = 50000 MPa. The matrix is
composed of a porous elasto-plastic material characterized by SR4 constitutive
model with Young’s Modulus  = 3000 MPa, tensile intercept ?C = 1.5 MPa,
pre-consolidation pressure ?2 = −3.2 MPa and both friction q and dilation angle k
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given as q = k = 50◦. To fit SR4 materials to Drucker-Prager model, optimisation
strategy is used. The digital image is 164 by 169 px and taken from a real sandstone
model. The Poisson’s ratio a = 0.3 is used for all materials in the sample. The
inclusion ratio of the sample stands at 17%. The discretised model depicted in
Figure 6.23(b) is meshed with 65648 triangular elements.
(a) (b)
Figure 6.23: Sandstone RVE: (a) digital image, (b) finite element mesh.
Figure 6.24 depicts stress-strain evolution diagrams for characteristic loading con-
ditions. Figure 6.24(a) and Figure 6.24(b) give ? − εE evolution diagrams for
compression and tension loading, respectively, while Figure 6.24(c) give @ − ε3 for
pure shear loading. The diagrams Figures 6.24(a) to 6.24(c) provide typical stress-
strain curves that are used to identify yield stress for each loading combination,
again clearly illustrating the importance of using the Casagrande method described
in section 6.3.2 to identify the yield stress within the virtual testing strategy.
Figure 6.25 illustrates the effective plastic strain distribution corresponding to the
loads at which plastic collapse takes place. It can be observed from Figures 6.25(a)
and 6.25(b) that the plastic collapse for both compression and tension dominated
loading conditions takes place by development of large plastic deformations at the
interface between hard particles and soft rock matrix, which them spreads to the
boundary leading to extensive plastification and rock sample collapse. For shear
loading depicted in Figure 6.25(c), the failure pattern starts similarly by development
of a plastic deformation at the interface between hard particles and soft rock matrix,
but then spreads by formation of shear bands that reach the boundary leading to
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plastic collapse.
Figure 6.26 depicts a set of yield points recovered by virtual testing procedure and
numerically constructed yield surface. The yield surface is obtained by employing
the SR4 constitutive model and an appropriate choice of material parameters that
provides the best fit to the set of yield points. The yield surface constructed in such
a way defines the meso-scale type constitutive model, which, within the virtual
testing strategy - type B (see Figure 6.3), provides a constitutive model to be used
for numerical simulations at the macro-scale.
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Figure 6.24: Stress-strain curves of the sandstone RVE under different loading
conditions: (a) compression, (b) tension and (c) shear.
























Figure 6.25: Equivalent plastic strain distribution for the sandstone RVE under
different loading conditions: (a) compression, (b) tension and (c) shear.
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Figure 6.26: Set of yield stress points together with yield surface constructed by
the virtual testing procedure.
6.6 Concluding Remarks
Virtual testing strategy has been developed in this work based on computational
homogenisation approach following a unified variational formulation. The potential
of the strategy is illustrated by performing estimate of the effective properties of
porous solid with elasto-plastic Drucker-Prager matrix. Excellent correspondence
has been demonstrated between the computationally generated effective yield cri-
teria for porous solids and the recently proposed analytical estimates for Drucker-
Prager type solids and the SR4 constitutive model for soft rocks. Animportant
feature of the proposed virtual testing strategy is use of the Casagrande procedure
([121]) to identify yield points and thus to construct an effective yield surface for
heterogeneous elasto-plastic matariels. This procedure is commonly employed in
experimental characterisation of geological materials that invariably display ap-
preciable pressure sensitivity. A range of numerical tests performed in this work
demonstrates that the virtual testing strategy enhanced by the Casagrande procedure
provides an efficient and accurate methodology for constructing yield surface for a
wide range of realistic geological materials.
The virtual testing procedure has been implemented in the commercial code Par-
aGeo ([52]) to allow simulation of large scale problems associated with complex
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heterogeneous rock microstructures. In order to illustrate the potential that the de-
veloped virtual testing strategy may have on characterisation of practically relevant
materials, the effective yield surface has been constructed for the realistic soft rock
sample based on a digital image of a sandstone.
Chapter 7
Effective Yield Criteria for Layered
Composite Model
Sedimentary rock and underground salt usually consist of a series of parallel layers.
The thickness of these layers can vary between millimetres to meters with the
properties of the layers changing with either symmetric or non-symmetric pattern.
Both theoretical and experimental approaches have been carried out by several
researchers, e.g., ([118; 119]) to provide the equivalent properties of such a layered
system.
In this work, computational homogenizationmethodology is applied to these layered
systems to obtain effective macroscopic yield failure surface.
The first section provides computational yield surface of the composite layered
system in deviatoric-pressure stress diagram. The effective yield surface is obtained
under both periodic and uniform traction boundary conditions. The details of the
set-up of the virtual laboratory are also introduced with some numerical examples.
In the second section, the numerically generated effective yield surfaces for 2-D
composite layered system under plane stress assumption are obtained. The predicted
computational yield surfaces are presented in principal stresses. Finally, based on
the numerical simulations, the closest fit to the proposed analytical yield functions
by Hill [18] and Hoffman [51] are obtained. The details of the set-up of the
numerical simulations are provided.
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7.1 Effective Anisotropic Yield Surface of a Layered
Composite Model
In this example, we performhomogenization in small strain analysis of three uniform
layers which represent a rock-salt model. As shown in Figure 7.1, a unit cubic
rectangular model is made of three uniform layers. Each layer is modeled by a von-
Mises type perfectly plastic elasto-plastic law with different material properties.
The material properties for each layer are given as;
Group_1 : fH = 10 MPa,  = 25000 MPa, and a = 0.3
Group_2 : fH = 2 MPa,  = 5000 MPa, and a = 0.25
Group_3 : fH = 15 MPa,  = 45000 MPa, and a = 0.38
(7.1)
Figure 7.1: Geometry of a 3D layered composite model.
The loading consists in prescribing amacroscopic tri-axial shear strain and changing











), 0.005 , 0.005 , 0.005 ] (7.2)
By varying the load 0 ≤ U ≤ 1, the above array fully covers the loading spectrum.
In the following section, we are providing the macroscopic pressure and deviatoric
strain under both linear and uniform traction boundary conditions.
Chapter 7. Effective Yield Criteria for Layered Composite Model 111
7.1.1 Effective Anisotropic Yield Surface under Linear Bound-
ary Condition.
In this section, the equivalent plastic strain and the variation of the stress against
strain under linear boundary condition are represented. As illustrated in Fig-
ures 7.2(a) and 7.2(b), the yield point is clear in case of pure shear and equivalent
plastic strain is distributed over the layers respectively. However in case of pure
compression, the equivalent plastic strain is localized and the yield point can not be
selected precisely (see Figure 7.3).
In order to show the macroscopic yield surface of the layered system in ? − @ dia-
gram, we are applying the macroscopic loading in equation (7.2) on the composite
layer. Some of the @ − Y3 plots are shown in Figure 7.4 for different imposed
compression. It can be seen that, the stress at failure is lower when the compressive
stress increases. The reduction of the failure stress is limited to only relatively
small value of compression soon afterwards the failure stress remains constant.
The macroscopic yield surface for the von-Mises material type is represented in
Figure 7.5 .
(a)

















Figure 7.2: Layered composite model: (a) variation of deviatoric stress versus strain
and (b) equivalent plastic strain (EP) distribution under linear boundary condition.
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Figure 7.3: Layered composite model: (a) variation of pressure stress versus volu-
metric strain and (b) equivalent plastic strain (EP) distribution under uniform linear
boundary condition.
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Figure 7.4: Variation of deviatoric stress versus strain in case of linear boundary
condition with increasing compressive stress, (a) compressive stress with U = 0.2,
(b) compressive stress with U = 0.8 and (c) compressive stress with U = 1.
Next, we are applying uni-axial compressive stress to the uniformed layered system
in both horizontal and vertical directions. The orientation axis of the model is
shown in Figure 7.6.
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Figure 7.5: Yield surface for a layered composite with the von Mises material in
case of linear boundary condition.
The variation of pressure over volumetric strain, deviatoric stress over strain, and
the equivalent plastic strain distribution for both GG and II (horizontal) directions
and HH (vertical) direction are shown in Figures 7.7 to 7.9. respectively.
Figure 7.6: Layered composite model: geometry and axes orientation.
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Figure 7.7: Hydrostatic pressure in GG direction in case of linear boundary condition
(a) pressure versus volumetric strain, (b) deviatoric stress versus strain and (c)
equivalent plastic strain (EP) distribution.
It can be seen that, the homogenized stress in vertical direction differs from the
horizontal directions. That is to say, the model with uniform and zero orientation
layers is behaving in an anisotropic manner due to different material properties
assigned to each layer.
7.1.2 Effective Anisotropic Yield Surface under Uniform Trac-
tion Boundary Condition.
In this section we are repeating the same process as the previous section. But, under
uniform traction boundary condition. As illustrated in Figure 7.12, the stress at the
failure remains constant and does not vary with increasing the compressive stress.
This case is related to material properties of the weakest layer (see Figure 7.13),
the uniform traction boundary condition has the minimum kinematic constraint and
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Figure 7.8: Hydrostatic pressure in II direction in case of linear boundary condition
(a) pressure versus volumetric strain, (b) deviatoric stress versus strain and (c)
equivalent plastic strain (EP) distribution.
allows deformation of the middle layer independent of the other layer.
Note that, the model behaves in an anisotropic manner as the failure stresses in
vertical direction differs from the horizontal stresses (see Figures 7.14 to 7.16).
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Figure 7.9: Hydrostatic in HH direction in case of linear boundary condition (a) pres-
sure versus volumetric strain, (b) deviatoric stress versus strain and (c) equivalent
plastic strain (EP) distribution.
(a)



















Figure 7.10: Layered composite model: (a) variation of deviatoric stress versus
strain and (b) equivalent plastic strain (EP) distribution under uniform traction
boundary condition.
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Figure 7.11: Layered composite model: (a) variation of pressure stress versus
volumetric strain and (b) equivalent plastic strain (EP) distribution under uniform
traction boundary condition.
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Figure 7.12: Variation of deviatoric stress versus strain in case of linear boundary
condition with increasing compressive stress, (a) compressive stress with U = 0, (b)
compressive stress with U = 0.2 and (c) compressive stress with U = 0.4.
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Figure 7.13: Yield surface for a layered composite with the von Mises material for
linear and uniform traction boundary condition.
(a)































Figure 7.14: Hydrostatic pressure in GG direction in case of uniform traction bound-
ary condition (a) pressure versus volumetric strain, (b) deviatoric stress versus strain
and (c) equivalent plastic strain (EP) distribution.
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Figure 7.15: Hydrostatic pressure in II direction in case of uniform traction bound-
ary condition (a) pressure versus volumetric strain, (b) deviatoric stress versus strain
and (c) equivalent plastic strain (EP) distribution.
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Figure 7.16: Hydrostatic pressure in HH direction in case of uniform traction bound-
ary condition (a) pressure versus volumetric strain, (b) deviatoric stress versus strain
and (c) equivalent plastic strain (EP) distribution.
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7.2 Effective Anisotropic Yield Surface of a Layered
Composite in Plane Stress
In this section, we are considering a 2-D composite layered model under plane
stress assumption. The first system considered of three identical layers (homoge-
neous) which is modeled by von-Mises material while the second one consist of
three uniform layers with varying the von-Mises material properties. By apply-
ing the computational methodology to the models, we are obtaining the effective
macroscopic yield surface in principal axes. Note that, the material properties for
Figure 7.17: Layered compositemodel with the vonMisesmaterial properties under
plane stress conditions.
each layer are identical to the ones given in the equation (7.1). The details of the
numerical simulations are in the sections below.
7.2.1 Phenomenological Yield Functions
In this work, three yield functions, i.e., plane stress von-Mises model, Hill and
Hoffman are investigated. The yield functions are given as follows,
The plane stress von Mises yield criterion: The von-Mises yield criterion under
plane stress conditions is given by the following expression:
(fH)2 + (fG)2 + (fG − fH)2 − fyield = 0 (7.3)
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Hill: In 1948 Hill [18] proposed the first measurable treatment of plastic anisotropy.
He considered three orthogonal axes of anisotropy, G, H, and I about which there is
a two-fold symmetry of properties. Therefore, the HI, IG, and GH planes are planes
of mirror symmetry. In a rolled sheet, the G, H, and I-axes are usually taken as
the rolling direction, the transverse direction and the sheet-plane normal (for more
detail see, [125]).
Hill’s yield criterion is a generalization of the von-Mises criterion:
(fH − fI)2 + (fI − fG)2 + (fG − fH)2+
2!g2HI + 2"g2IG + 2#g2GH − fyield = 0,
(7.4)
where, constants , , , !, "and # describe anisotropy. However in case of plane
stress and no shear, the expression above reduces to,
(fH)2 + (fG)2 + (fG − fH)2 − fyield = 0 . (7.5)
Hoffman: For many materials, the difference between yield stress levels in tension
and compression can be observed (the Bauschinger effect). In some composite
materials, this phenomenon is noticeable. Therefore, tomodel such effects, Hoffman
[51] proposed an extension to the Hill criterion which is described by the following
yield function:
1(fG − fH)2 + 2(fH − fI)2+3(fI − fG)2+
4f
2
GH + 5f2HI + 6f2GI+7fG + 8fH + 9fI − f2yield = 0,
(7.6)
where, 1 − 9 are constants that describe anisotropy.
In order to identify the parameters for fitting theHill andHoffman yield functions for
the composite model in Figure 7.17, we use the predicted anisotropic yield stresses.
Based on the simulated yield stress point of composite materials, the parameters for
proposed analytical models are obtained with ellipse fit by Taubin’s [53] method.
The details of the approach are described in the following section.
Chapter 7. Effective Yield Criteria for Layered Composite Model 123
7.2.2 Analysis Approach
The computational homogenization under plane stress assumption has been used
for all numerical simulations. The homogenized principal stress is obtained by
imposing the macro-strain over the 2-D model for defined boundary condition
(preferably uniform traction) over the RVE. The generic imposed macro-strain
tensor is expressed by the following form:
ε̄ = [U1Ȳ11 , U2Ȳ22 , 0 ] (7.7)
where, U1 = cos \, U2 = sin \ and 0 ≤ \ ≤ 360 in order to cover the whole yield
surface.
Finally, the ? − Yv is plotted for each loading to specify the yield stress. As can be
seen from the figures below yield surfaces have been predicted by interpolation from
the homogenized principal stresses at yield obtained for different loading paths.
7.2.3 Yield Stress Surfaces
This section is divided into two parts. The first part is comparison of the virtual
laboratory simulations of a homogeneous model under traction boundary condition
against the plane stress von-Mises criteria (see, Figure 7.18).
The next part is comparison of the virtual laboratory simulations of a composite
layers under both periodic and uniform traction boundary conditions against the
Hoffman and Hill yield surfaces. Figure 7.19 illustrates predicted anisotropic yield
surfaces for the composite layer system in the principal stress space.
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Figure 7.18: Comparison of the von-Mises yield surface (f12 = 0) against the
virtual laboratory simulations of the 2-D homogeneous model.
It can be observed from Figure 7.19 that the Hoffman yield function identified by
the virtual laboratory under both periodic and uniform traction boundary conditions
gives close approximation of the predicted yield stresses. However, the identified
Hill yield function gives a poor fit to the predicted yield stresses.
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Figure 7.19: Comparison of the computationally obtained yield stresses (f12 = 0) of
the layered composite against the yield functions proposed byHill [18] andHoffman
[51]. fH denotes the uni-axial tensile yield stress along the x-axis obtained from
the virtual tests. (a) computational yield surface under traction boundary condition
is compared against Hoffman yield surface, (b) computationally obtained yield
stresses under periodic boundary conditions are compared against the Hoffman
yield surface and, (c) comparison of computational yield surface of the composite
model under both uniform traction and periodic boundary conditions against both
Hill and Hoffman yield surfaces.
Chapter 8
Conclusions
The objective of this thesis was focused on establishment of a macroscopic yield cri-
terion for a class of porous materials with a pressure sensitive matrix and spheroidal
voids through a virtual laboratory approach. This approach is based on multi-scale
analysis of solids that relies on homogenization and finite element methodology.
The multi-scale framework which relates the micro to macro scale was developed in
small and large strain regimes. The homogenization problem relies on a variational
treatment, which introduces a boundary conditions at the micro-scale (RVE). These
consists of uniform displacement, uniform traction and periodic displacements
including the corresponding tangent constitutive operators. In the implicit finite
element method, the derivation of the homogenized tangent modulus are crucial for
the solution of the non-linear macro-scale problems though the Newton-Raphson
method.
A comprehensive set of numerical examples were presented. First, numerical multi-
scale tests were performed to validate the accuracy of the obtained homogenized
elastic material properties with the existing analytical solution proposed by [86].
Applying the different boundary conditions to the RVE with different percentage of
the micro-cavities were considered for the test.
The effect of the distribution of cavities with a pressure sensitive matrix on material
properties was studied. It was shown that increasing the density of pores causes
the overall properties of the RVE under the three different boundary conditions
to converge towards each other. However, the results of the linear displacement
boundary condition still give the upper limit. All the boundary conditions for the
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RVE with distributed voids give similar patterns of plastic strain distribution.
A computational homogenization framework for the linear and non-linear analysis
of the elasto-plastic transition of porous pressure sensitive ductile materials through
the virtual test was proposed. The homogenized macroscopic stress was obtained
from the volume averaging of the stress tensor over a unit cube three-dimensional
RVE with a pressure sensitive matrix, under the assumption of both implicit and
explicit finite element method. The macroscopic yield curves are obtained for the
two different RVEs geometry with 10% void ratio. From the systematic analysis of
RVEs, considering two distinct kinematical models: linear boundary displacements
(upper bound) and uniform boundary traction (lower bound). The yield surfaces
predicted by the a computational framework have been evaluated through the com-
parisons with the analytical macro yield surface (see [114]) for both RVEs, and
with two different matrix friction angles. It was found that the yield surfaces pre-
dicted by the computational strategy are very close to both macro surfaces, SR4 and
Drucker-Prager for porous elasto-plastic solids. The accuracy of the computational
homogenization through virtual tests had been carried out by applying it to the
sand-stone box.
It is concluded that the SR4 and the proposed analytical criteria provide a valuable
approximation of the macroscopic yield stress for porous materials with a Drucker-
Prager matrix and spheroidal pores.
Finally, by applying this virtual laboratory concept to investigate the mechanical
anisotropy of a series of parallel layers, such as rock-salt. The parameters of two
yield functions used in sheet composite material, e.g., Hill [18] and Hoffman [51],
were determined for two different boundary conditions of the RVE.
A large number of virtual tests, applying macroscopic strains over the RVE were
performed by using the virtual laboratory. The computational yield stress points
were used to identify the parameters of the analytical yield functions. Further, uni-
axial tensile tests in different directions were also performed to normalized yield
stresses.
The Hoffman yield function, shows good performance in fitting the yield surfaces.
In contrast, the Hill yield function shows poor flexibility in fitting the composite
yield surfaces, as it is not considering the Bauschinger effect.
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8.1 Future Directions
Afurther study of virtual testing strategies in this areawill consist of consideringma-
trices described by constitutive models accounting for more complex phenomeno-
logical effects such as plastic anisotropy and crystal plasticity. The consideration
of more complex loading paths may also provide a better insight on the failure
mechanisms. Also the investigation of the mechanical anisotropy of biological
materials based on multi-scale analysis is a clear direction for future research. In
addition, the proposed numerical scheme can be extended to identify parameters
for the advanced yield functions.
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In order to provide a complete exposition of the virtual testing approach presented
in this work, next two sections briefly describe variational basis and finite element
approximation of the adopted multi-scale homogenisation methodology. For more
details related to variational setting and finite element implementation we refer to
our earlier articles [92], [91] and [126].
It is assumed from the outset that any material point x of the (macroscopic) con-
tinuum is associated with a local Representative Volume Element (RVE) whose
domain Ω`, with boundary mΩ`, (see Figure A.1), has a characteristic length, ;`.
Furthermore, it is assumed that the length ;` is much smaller than the characteristic
length, ;, of the macro-continuum, thus ensuring the separation of scales, which is
essential ingredient of the adopted family of the multi-scale methods. The domain
Ω` of the RVE is assumed to consist in general of a solid part, ΩB`, and a void part,
ΩE`:
Ω` = ΩB` ∪ΩE` . (A.1)
For simplicity, in what follows, we shall consider only RVEs whose void part does
not intersect the RVE boundary.
Fundamental assumption of the adopted multi-scale theory is that at any instant C,
the strain tensor at an arbitrary point x of the macro-continuum is assumed to be
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Figure A.1: Macro-continuum with a locally attached micro-structure.






ε`(y, C) d+, (A.2)
where +` is the volume of the RVE and
ε` = ∇Bu` , (A.3)
where ∇Bu` denotes the symmetric gradient of the microscopic displacement field
u` of the RVE.
A.1.1 Kinematically Admissible RVE Displacement Fields
By introducing expression (A.3) into equation (A.2) and making use of Green’s
theorem, it can easily be shown that the averaging relation (A.2) is equivalent to the
following constraint on the displacement field of the RVE [92]:∫
mΩ`





(u` ⊗ n + n ⊗ u`) d = +` ε , (A.4)
where = denotes the outward unit normal field on mΩ`.
It has proved convenient to split the displacement u` into a sum
u`(y, C) = ε(C)y + ũ`(y, C) , (A.5)
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of a homogeneous strain displacement, ε(C)y, and a displacement fluctuation field,
ũ`. The constraint (A.4 ) is then equivalent to requiring that the space ˜K` of
kinematically admissible displacement fluctuations of the RVE be a subspace of the
minimally constrained space of kinematically admissible displacement fluctuations,
˜K ∗` :
˜K` ⊂ ˜K ∗` ≡
{
v, sufficiently regular |
∫
mΩ`
v ⊗B n d = 0
}
. (A.6)
Following the split (A.5) the microscopic strain (A.3) can be expressed as the sum
ε`(y, C) = ε(C) + ∇Bũ`(y, C) , (A.7)
of a homogeneous strain field (coinciding with the macroscopic, average strain) and
a field ∇Bũ` that represents a fluctuation about the average.
A.1.2 Macroscopic Stress, Hill-MandelPrinciple andRVEEqui-
librium
In similarity to the abovemacroscopic strain definition (A.3), themacroscopic stress







σ`(y, C) d+ . (A.8)
An essential concept that underlies models of the present type is the Hill-Mandel
Principle of Macro-homogeneity [127; 128] which requires the macroscopic stress
power to equal the volume average of the microscopic stress power for any kine-
matically admissible motion of the RVE. This is expressed by the equation




σ` : ¤ε` d+ , (A.9)
that must hold for any kinematically admissible microscopic strain rate field, ¤ε`.
The above is equivalent to the following variational equation:∫
mΩ`
t · η d = 0,
∫
Ω`
b · η d+ = 0 ∀η ∈ ˜K` , (A.10)
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in terms of the RVE boundary traction and body force fields denoted, respectively,
t and b .
The variational equilibrium statement for the RVE is theh given by∫
Ω`
σ` : ∇Bη d+ = 0 ∀η ∈ ˜K` . (A.11)
Further, we assume that at any time C the stress at each point y of the RVE is
delivered by a generic constitutive functional Sy of the strain history εC`(y) at that
point up to time C:
σ`(y, C) = Sy (εC`(y)). (A.12)
This constitutive assumption, together with the equilibrium equation (A.11) leads
to the definition of the RVE equilibrium problem which consists in finding, for a
given macroscopic strain ε (a function of time), a displacement fluctuation function




ε(C) + ∇Bũ`(y, C)
] C}
: ∇Bη d+ = 0 ∀η ∈ ˜K` . (A.13)
A.1.3 Characterization of the Multi-Scale Constitutive Model
The general multi-scale constitutive model in the present context is defined as
follows. For a given macroscopic strain history, we must firstly solve the RVE equi-
librium problem defined by (A.13). With the solution ũ` at hand, the macroscopic
stress tensor is determined according to the averaging relation (A.8), i.e., we have









where S denotes the resulting (homogenised) macroscopic constitutive functional.
A.1.4 The Choice of kinematical Constraints
The characterization of a multi-scale model of the present type is completed with
the choice of a suitable space of kinematically admissible displacement fluctuations,
˜K` ⊂ ˜K ∗` . In general, different choices lead to different macroscopic response
functionals. The following choices are as:
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(i) Linear boundary displacements (or zero boundary fluctuations) model:
˜K` = ˜Klin ≡ {v, sufficiently regular | v(y) = 0∀y ∈ mΩ`}. (A.15)
The displacements of the boundary of the RVE for this class of models are
fully prescribed as










Figure A.2: Square RVE geometries for periodic media.
(ii) Periodic boundary fluctuations. This assumption is typically associated with
the description of media with periodic microstructure. The macrostructure
in this case is generated by the periodic repetition of the RVE [37]. For
simplicity, we will focus the description on two-dimensional problems and
we shall follow the notation adopted by [37]. Consider, for example, the
square RVEs, as illustrated in Figure A.2. In this case, each pair 8 of sides
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n−8 = −n+8 . (A.19)





each point y+ ∈ Γ+
8
has a corresponding pair y− ∈ Γ−
8
. The key kinematical
constraint for this class of models is that the displacement fluctuation must
be periodic on the boundary of the RVE. That is, for each pair {y+, y−} of
boundary material points we have
ũ`(y+, C) = ũ`(y−, C). (A.20)
Accordingly, the space ˜K` is defined as
˜K` = ˜Kper ≡
{
ũ`, suff.reg. | ũ`(y+, C) = ũ`(y−, C)∀pairs{y+, y−}.
}
(A.21)
(iii) The minimally constrained (or uniform boundary traction) model:
˜K` ≡ ˜K ∗` . (A.22)
It can be shown [92] that the distribution of stress vector on the RVEboundary,
associated with the minimal kinematic constraint, satisfies
σ`(y, C)n(y) = σ(C)n(y) ∀y ∈ mΩ` . (A.23)
Similarly to the linear boundary displacements assumption, there are no
restrictions on the geometry of the RVE for this choice of the RVE constraint.
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A.2 Finite Element Approximation
This section provides a brief description of the computational implementation of
multi-scale constitutive methodology described in section A.1 within a non-linear
finite element framework. At the outset, it is assumed that the constitutive behaviour
at theRVE level is described by conventional internal variable-based dissipative con-
stitutive laws, such as classical models of elasto-plasticity and elasto-viscoplasticity.
Numerical approximations to the initial value problem defined by the constitutive
equations of the model are usually obtained by Euler-type difference schemes. For
a typical time (or pseudo-time) interval [C=, C=+1], and given set of α= of internal
variables at C= , the stress σ=+1` at C=+1 is a function of the prescribed strain ε=+1` at
C=+1 (see, for instance, to [54] for a detailed account of procedures of this kind in
the context of plasticity and visco-plasticity). The stress update procedure can be
symbolically represented as
σ=+1` = σ̂y(ε=+1` ;α=) , (A.24)
where σ̂y denotes the integration algorithm-related implicit incremental constitutive
function at the point of interest, y.
The homogenised constitutive function defined in (A.14), can now be expressed in
its incremental form as:




σ̂y(ε=+1 + ∇Bũ=+1` ;α=) d+ , (A.25)
where ᾱ= denotes the field of internal variable sets over Ω` at time C= and ũ=+1`
is the displacement fluctuation field of the RVE at C=+1, which is obtained as the
solution of the time-discrete version of equilibrium problem (A.13):∫
ΩB`
σ̂y(ε=+1 + ∇Bũ=+1` ;α=) : ∇Bη d+ = 0 ∀η ∈ ˜K` . (A.26)
A.2.1 Finite Element Discretization and Solution
Following a standard procedure, the finite element approximation to problem (A.26)
for a given discretisation ℎ consists in determining the unknown vector ũ=+1` ∈ ˜K ℎ`
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B) σ̂y(ε=+1 + B ũ=+1` ) d+
}
· η = 0 ∀η ∈ ˜K ℎ` , (A.27)
where Ωℎ` denotes the discretised RVE domain, B the global strain-displacement
matrix (or discrete symmetric gradient operator), ε=+1 is the fixed (given) array
of macroscopic engineering strains at C=+1 , σ̂y is the functional that delivers
the finite element array of stress components, η denotes global vectors of nodal
virtual displacements of the RVE and ˜K ℎ` is the finite-dimensional space of virtual
nodal displacement vectors associated with the finite element discretisation ℎ of the
domain Ω`.
The solution to the non-linear problem (A.27) is commonly undertaken by the
Newton-Raphson iterative scheme, whose typical iteration (:+1) consists in solving
the linearised form, [
F(:) + K(:) Xũ(:+1)`
]
· η = 0 ∀η ∈ ˜K ℎ` , (A.28)


















denoting the consistent constitutive tangent matrix field over the RVE domain. In
the above the bracketed superscript denotes the Newton iteration number. With the
solution Xũ(:)` at hand, the new guess ũ
(:)
` for the displacement fluctuation at C=+1 is
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It should be noted that under the assumption of linear boundary displacements, the
solution of problem (A.28) follows the conventional route of general linear solid
mechanics problems, with the fluctuations degrees of freedom of the boundary fully
prescribed as zero. For the periodic and uniform tractions boundary condition mod-
els, however, the kinematic boundary conditions of the RVE are non-conventional.
For details of implementation of different boundary conditions within the described
variational framework under both small and large strain conditions we refer to our
earlier publications [91] and [126], respectively.
A.3 Derivation of Some Expressions Referred in the
Thesis
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mΦshr
m(ΔY?v )
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m2Φcap
m@2
= 262 (A.45)
